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Abstract. This paper develops a price-theoretic framework for matching markets

with heterogeneous preferences. The model departs from the standard Gale and Shap-

ley (1962) model by assuming that a finite number of agents on one side (colleges or

firms) are matched to a continuum mass of agents on the other side (students or work-

ers). We show that stable matchings correspond to solutions of supply and demand

equations, with the selectivity of each college playing a role similar to prices.

We show that, very generally, the continuum model has a unique stable match-

ing, which varies continuously with the underlying fundamentals. Moreover, stable

matchings in the continuum model are the limit of the set of stable matchings in large

discrete economies, so that the continuum model is an approximation of the standard

Gale and Shapley model in markets where agents on one side are matched to many

agents on the other side.

We apply the model to an analysis of how competition induced by school choice

gives schools incentives to invest in different aspects of quality. As another application,

we characterize the asymptotics of school choice mechanisms.
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1. Introduction

1.1. Overview. In two-sided matching markets agents have preferences over whom

they interact with on the other side of the market. For example, consulting firms

competing for college graduates care about which workers they hire. Such a market

clears not only through wages, as a college graduate cannot simply demand the firm he

prefers – he must also be chosen by the firm. These are key features of many important

markets, and matching markets have been extensively studied. Much of the literature is

based on one of two classic frameworks, each with distinct advantages and limitations.1

One strand of the literature follows Becker’s (1973) marriage model. These models

often assume simple preferences, with men and women being ranked from best to worst.

Moreover, utility is transferable,2 so that a couple may freely divide the gains from

marriage. These assumptions lead to rich comparative statics that have been applied to

diverse problems such as explaining sex differences in educational attainment, changes

in CEO wages, and the relationship between the distribution of talent and international

trade.3

Another line of research follows Gale and Shapley’s (1962) college admissions model.

These models allow for complex heterogeneous preferences, and (possibly) for limita-

tions on how parties may split the surplus of a relationship. This model is a cornerstone

of market design, and has been applied to the study and design of market clearinghouses

(e.g. the National Resident Matching Program, that matches 30,000 doctors and hos-

pitals per year; the Boston and New York City public school matches, which match

over 100,000 students per year),4 the use of signaling in labor markets, the relation-

ship between matching and auctions, and supply chain networks.5 This framework has

had less success in obtaining comparative statics results, especially results about the

magnitude and not only the direction of an effect.6

This paper proposes a new model of matching markets based on Aumann’s (1964)

insight that markets with a continuum of traders may be considerably simpler than

those with a finite number of traders. Like the Gale and Shapley (1962) framework, the

1We focus on frictionless matching markets, as opposed to markets with frictions as in the search
literature.
2The basic properties of competitive and cooperative matching models with transferable utility were
established by Koopmans and Beckmann (1957) and Shapley and Shubik (1971).
3See Chiappori et al. (2009), Gabaix and Landier (2008), Terviö (2008),Grossman (2004), Bojilov and
Galichon (2014) and Galichon et al. (2014).
4The redesign of the National Resident Matching Program is described in Roth and Peranson (1999).
School choice was introduced as a mechanism design problem in the seminal paper of Abdulkadiroğlu
and Sönmez (2003), and the redesign of the Boston and New York City matches is described in
Abdulkadiroğlu et al. (2005a,b, 2009).
5See respectively Coles et al. (2013) and Lee and Niederle (2011); Hatfield and Milgrom (2005); Os-
trovsky (2008).
6See, for example, Gale and Sotomayor (1985) for comparative statics results on the direction of effects.
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proposed model allows for rich heterogeneous preferences and (possible) restrictions on

transfers. However, like the Becker (1973) model, it permits straightforward derivation

of comparative statics.

The basic features of our model follow the standard Gale and Shapley college admis-

sions model. The main departure is that a finite number of agents on one side (colleges

or firms) are to be matched to a continuum of agents on the other side (students or

workers). As such, we model a situation where each agent in the discrete side is matched

to a large number of agents. Throughout most of the paper we consider the case where

there are no transfers. As in the standard model, the solution concept is stability. A

matching between students and colleges is stable if no pair of a student and a college

would like to break away from a match partner and match to each other.

Our basic results demonstrate how to apply supply and demand analysis to matching

markets. We show that, even in the discrete model, stable matchings have a simple

structure, given by admission thresholds Pc at each college c. We term such a threshold

a cutoff, and colleges are said to accept students who are ranked above the cutoff. Given

a vector of cutoffs P , a student’s demanded college is defined as her favorite college

that would accept her. We show that, for every stable matching, there exists a vector of

cutoffs such that each student demands the college she is matched to. Moreover, at any

vector of cutoffs P that clears supply and demand for colleges, the demand function

yields a stable matching. Therefore, finding stable matchings is equivalent to solving

market clearing equations7

D(P ) = S.

The continuum assumption considerably simplifies the analysis. We show that, with

great generality, the continuum model has a unique stable matching, corresponding to

the unique solution of the market clearing equations, and that this stable matching

varies continuously with the underlying fundamentals. The result implies that com-

parative statics may be derived from the market clearing equations, as in standard

price-theoretic arguments.

We give convergence results to clarify when the continuum model is a good ap-

proximation to real markets. A sequence of discrete economies is said to converge to

a continuum economy if the empirical distribution of student types converges to the

distribution in the continuum economy, and the number of seats per student in each

college converges. Whenever the continuum economy has a unique stable matching, all

of the stable matchings of the discrete economies converge to this unique stable match-

ing of the continuum economy. In particular, all stable matchings of the large discrete

7As we discuss formally below, the formula D(P ) = S only holds when there is excess demand for all
colleges.
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economies become similar. Therefore, even in a large discrete economy, stability clears

the market in a way that is essentially unique.

We consider two applications. The first application is a price-theoretic analysis of the

effects of school competition. We consider how competition among schools induced by

flexible school choice gives incentives for schools to invest in quality. This problem has

been previously studied in the discrete Gale and Shapley framework by Hatfield et al.

(2014), and in a simplified model by Hoxby (1999). We consider a setting where schools

compete for students, and determine how much schools benefit from investing in qual-

ity, in terms of attracting a stronger entering class. The continuum model clarifies how

incentives depend on the types of students catered to, the distribution of preferences,

and market structure. Schools have muted, or possibly even negative, incentives to

perform quality improvements that target lower-ranked students. Moreover, these con-

cerns are exacerbated when schools have market power. Therefore, while school choice

might give schools incentives to improve, such improvements may disproportionately

benefit top students.

In the second application we characterize the asymptotics of a large class of matching

mechanisms. In particular, we characterize the asymptotics of school choice mechanisms

used to match students to schools, such as deferred acceptance with single tie-breaking.

Che and Kojima (2010) characterized the limit of the random serial dictatorship mech-

anism. This is a particular case of deferred acceptance where schools treat all students

equally. We extend their asymptotic results to the case where schools give priority

to subsets of students. As a corollary, we show that the deferred acceptance mecha-

nism may produce Pareto inefficient outcomes with high probability. This application

is based on an extension of our convergence result to randomly drawn preferences.

We report convergence rates and simulations, which clarify for what market sizes the

approximation is useful.

1.2. Related Literature. Our paper is related to several active lines of research. First,

it is related to the literature on large matching markets. Roth and Peranson (1999)

observed that, even though stable matching mechanisms are not strategy-proof, they

are difficult to manipulate in large markets. Subsequent papers have justified this

finding theoretically (Immorlica and Mahdian 2005; Kojima and Pathak 2009; Lee

2014). Our work differs from this literature in two aspects. The first is that previous

work has focused on showing approximate incentive compatibility of stable mechanisms.

In contrast, we characterize the limit of the set of stable matchings in large matching

markets. Second, the type of limit we take is different. While papers in this literature

consider the limit where both sides of the market grow, we consider the case where

there is a fixed finite number of colleges, and the number of students grows.
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Another contribution of our paper is the characterization of stable matchings in

terms of cutoffs clearing supply and demand. We highlight several related results in the

literature. An early result by Roth and Sotomayor (1989) shows that different entering

classes in a college at different stable matchings are ordered in the sense that, save for

students which are in both entering classes, all students of an entering class are better

than those in the other entering class. This suggests that parametrizing the set of stable

matchings by the lowest ranked student is possible, though their result does not describe

such a parametrization. Balinski and Sönmez (1999) give a characterization of fair

allocations based on threshold scores. Sönmez and Ünver (2010) propose a mechanism

for the course allocation problem where students place bids for courses and report

preferences. Their Proposition 1 shows that a deferred acceptance algorithm using bids

as preferences for courses leads to thresholds such that students are matched to their

preferred affordable bundle of courses. Biró (2007) studies the algorithm used for college

admissions in Hungary. The algorithm, while similar to Gale and Shapley’s, uses scores

Biró (2007) states that a definition of stability in terms of cutoffs is equivalent to the

standard definition. Fleiner and Jankó (2014) propose generalized notions of stability

based on scores. Abdulkadiroğlu et al. (Forthcoming) use a cutoff characterization in a

particular case of our model.

Adachi (2000) gives a characterization of stable matchings in terms of fixed points of

an operator over pre-matchings.8 This insight has been widely applied in the matching

with contracts literature.9 This characterization is different from the one in terms of

cutoffs, as pre-matchings are considerably more complex than cutoffs. In fact, a pre-

matching specifies a college for each student, and a set of students for each college,

so that the dimensionality of the set of pre-matchings is much higher than the set of

cutoffs. As such, this characterization is more useful for deriving theoretical results

as opposed to simple comparative statics. The supplementary appendix details the

connection between our work and Adachi’s characterization.

Our characterization Lemma 2 is analogous to the Fundamental Theorems of Welfare

Economics. Segal (2007) shows that these theorems may be stated for a wide class of

social choice problems: namely, socially optimal outcomes can be decentralized with

a notion of price equilibrium that is appropriate for the problem. Furthermore, he

characterizes the prices that verify a problem’s solutions with minimal communication

(Segal’s Theorems 2, 3). Applied to stable many-to-one matching, his characterization

yields pre-matchings as the appropriate prices (Segal’s Proposition 5). In our model,

8These ideas have been extended to many-to-one and many-to-many matching by Echenique and
Oviedo (2004, 2006). See also Hatfield and Milgrom (2005); Ostrovsky (2008); Hatfield and Kominers
(2010, 2012); Echenique and Yenmez (2007); Echenique (2012).
9See for example Ostrovsky (2008); Hatfield and Milgrom (2005); Echenique (2012).
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where colleges’ preferences are defined by students’ scores, the minimally informative

prices in Segal’s Theorem 3 coincide with our notion of market clearing cutoffs.

Like our paper, Abdulkadiroğlu et al. (Forthcoming), Hickman (2010), and Chade

et al. (2014) consider models with a finite number of colleges and a continuum of stu-

dents. Abdulkadiroğlu et al. (Forthcoming) study the deferred acceptance with multiple

tie-breaking mechanism, in a setting where schools do not give priorities to different

students (the assignment problem). They use a continuum of students, and noted that

outcomes of the mechanism can be described with cutoffs. As such, outcomes of this

mechanism are essentially the same as in our paper, in the case where (1) scores are

uniformly distributed in [0, 1]C (in particular colleges’ preferences are uncorrelated with

each other), (2) student preferences have full support and are uncorrelated with college

preferences, and (3) all colleges have the same capacity, which is exactly sufficient to

accommodate all students. Unfortunately, it is not possible to directly use their results

in our applications because using a specific preference structure precludes establishing

comparative statics or general limit results.

The proof of Abdulkadiroğlu et al.’s Lemma 4 has an argument demonstrating that

cutoffs that equate supply and demand are unique. This argument introduces important

technical ideas that we use in our proof. The commonalities and differences in the proofs

are as follows. Both proofs compare the mass of students matched to undesirable schools

under the greatest and smallest market clearing cutoffs, and use a fixed-point map to

establish that market clearing cutoffs exist and form a lattice. The differences are that,

without assumption (1)-(3), we need a generalization of their map to establish the lattice

result (see the working paper version of this article for an alternative argument based on

standard matching theory), and that we use the rural hospitals theorem to compare the

mass of students matched to different schools under different stable matchings, while

in their model each school is matched to the same number of students in every stable

matching by definition.

2. The Continuum Model

2.1. Definitions. A finite set of colleges C = {1, 2, . . . , C} is to be matched to a contin-

uum mass of students. A student is described by her type θ = (�θ, eθ). The student’s

strict preference ordering over colleges is �θ. The vector eθ ∈ [0, 1]C describes the

colleges’ ordinal preferences for the student. We refer to eθc as student θ’s score at col-

lege c, and colleges prefer students with higher scores. That is, college c prefers student

θ over θ′ if eθc > eθ
′
c . Colleges’ preferences over sets of students are responsive (Roth,

1985). To simplify notation we assume that all students and colleges are acceptable.

Let R be the set of all strict preference orderings over colleges. We denote the set of

all student types by Θ = R× [0, 1]C .
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A continuum economy is given by E = [η, S], where η is a probability measure10

over Θ and S = (S1, S2, . . . , SC) is a vector of strictly positive capacities for each

college. We make the following assumption on η, which corresponds to colleges having

strict preferences over students in the discrete model.

Assumption 1. (Strict Preferences) Every college’s indifference curves have η-

measure 0. That is, for any college c and real number x we have η({θ : eθc = x}) = 0.

The set of all economies satisfying this assumption is denoted by E.

A matching µ describes an allocation of students to colleges. Formally, a matching

is a function µ : C ∪Θ→ 2Θ ∪ (C ∪Θ), such that

(1) For all θ ∈ Θ: µ(θ) ∈ C ∪ {θ}.
(2) For all c ∈ C: µ(c) ⊆ Θ is measurable, and η(µ(c)) ≤ Sc.

(3) c = µ(θ) iff θ ∈ µ(c).

(4) (Open on the right) For any c ∈ C, the set {θ ∈ Θ : µ(θ) �θ c} is open.

The definition of a matching is analogous to that in the discrete model. Conditions

1-3 mirror those in the discrete model. (1) states that each student is matched to a

college or to herself, which represents being unmatched. (2) that colleges are matched to

sets of students with measure not exceeding its capacity. (3) is a consistency condition,

requiring that a college is matched to a student iff the student is matched to the college.

Condition 4 is imposed because in the continuum model it is always possible to add a

measure 0 set of students to a college without exceeding capacity. This would generate

multiplicities of stable matchings that differ only in sets of measure 0. Condition 4

rules out such multiplicities. The intuition is that the condition implies that a stable

matching always allows an extra measure 0 set of students into a college when this can

be done without compromising stability.

A student-college pair (θ, c) blocks a matching µ at economy E if the student θ

prefers c to her match and either (i) college c does not fill its quota or (ii) college c

is matched to another student that has a strictly lower score than θ. Formally, (θ, c)

blocks µ if c �θ µ(θ) and either (i) η(µ(c)) < Sc or (ii) there exists θ′ ∈ µ(c) with

eθ
′
c < eθc .

Definition 1. A matching µ for a continuum economy E is stable if it is not blocked

by any student-college pair.

A stable matching always exists. The proof is similar to Gale and Shapley’s (1962)

classic existence proof in the discrete case, and works by showing that a deferred accep-

tance procedure converges to a stable matching. This was shown in a particular case

by Abdulkadiroğlu et al. (Forthcoming).

10We must also specify a σ-algebra where η is defined. We take the Borel σ-algebra of the product
topology in Θ. We will also use this topology in Θ.
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We refer to the stable matching correspondence as the correspondence associating

each economy in E with its set of stable matchings. In some sections in the paper the

economy is held fixed. Whenever there is no risk of confusion we will omit dependence

of certain quantities on the economy.

2.2. The Supply and Demand Characterization of Stable Matchings. Through-

out this subsection, we fix an economy E, and abuse notation by omitting dependence

on E. A cutoff is a minimal score Pc ∈ [0, 1] required for admission at a college c. We

say that a student θ can afford college c if Pc ≤ eθc , that is c would accept θ. A student’s

demand given a vector of cutoffs is her favorite college among those she can afford.

If no colleges are affordable, define Dθ(P ) = θ, meaning the student demands being

unmatched. Aggregate demand for college c is the mass of students that demand it,

Dc(P ) = η({θ : Dθ(P ) = c}).

The aggregate demand vector (Dc(P ))c∈C is denoted D(P ).

A market clearing cutoff is a vector of cutoffs that clears supply and demand for

colleges.

Definition 2. A vector of cutoffs P is a market clearing cutoff if it satisfies the

following market clearing equations.

Dc(P ) ≤ Sc

for all c, and Dc(P ) = Sc if Pc > 0.

There is a natural one-to-one correspondence between stable matchings and market

clearing cutoffs, described by the following operators. Note that the operators are de-

fined only for market clearing cutoffs and stable matchings, as opposed to all matchings

and cutoffs. Given a market clearing cutoff P , define the associated matching µ =MP

with the demand function:

µ(θ) = Dθ(P ).

Conversely, given a stable matching µ, define the associated cutoff P = Pµ by the

score of marginal students matched to each college:

(1) Pc = inf
θ∈µ(c)

eθc .

Lemma 1. (Supply and Demand Lemma) If µ is a stable matching, then Pµ is a

market clearing cutoff. If P is a market clearing cutoff, then MP is a stable matching.

In addition, the operators P and M are inverses of each other.

The lemma shows that stable matchings all have a very special structure. Given any

stable matching µ, there exist corresponding cutoffs such that each student is matched
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to µ(θ) = Dθ(P ). Therefore, any stable matching corresponds to each student choosing

her favorite college conditional on being accepted at a vector of cutoffs P .

Intuitively, the lemma says that the selectivity of each college works similarly to prices

in the following sense. In a competitive market, the price of each good is determined

in equilibrium so that supply equals demand. In a matching market, however, students

not only choose colleges, but must also be chosen back. The lemma says that, instead

of prices adjusting, the selectivity of each college is endogenously determined to clear

the market.

2.3. Example: Stable Matchings and Convergence of Discrete Economies to

Continuum Economies. There are two colleges c = 1, 2, and the distribution of

students η is uniform. That is, there is a mass 1/2 of students with each preference list

1, 2 or 2, 1, and each mass has scores distributed uniformly over [0, 1]2. If both colleges

had capacity 1/2, the unique stable matching would have each student matched to her

favorite college. To make the example interesting, assume S1 = 1/4, S2 = 1/2. That

is, college 2 has enough seats for all students who prefer college 2, but college 1 only

has capacity for half of the students who prefer it.

A familiar way of finding stable matchings is the student-proposing deferred accep-

tance algorithm. Abdulkadiroğlu et al. (Forthcoming) formally define the algorithm,

and prove that it converges. Here, we informally follow the algorithm for this example,

to build intuition on the structure of stable matchings. At each step of the algorithm

unassigned students propose to their favorite college out of the ones that have not re-

jected them yet. If a college has more students than its capacity assigned to it, it rejects

the lower ranked students to stay within capacity. Figure 1 displays the trace of the

algorithm in our example. In the first step, all students apply to their favorite college.

Because college 1 only has capacity 1/4, and each square has mass 1/2, it then rejects

half of the students who applied. The rejected students then apply to their second

choice, college 2. But this leaves college 2 with 1/2 + 1/4 = 3/4 students assigned to it,

which is more than its quota. College 2 then rejects its lower ranked students, and the

process continues. Although the algorithm does not reach a stable matching in a finite

number of steps, it converges, and its pointwise limit (shown in Figure 2) is a stable

matching.

Figures 1 and 2 illustrate the cutoff structure of stable matchings. Indeed, we could

have computed the stable matching by solving the market clearing equations. Consider

first demand for college 1. The fraction of students in the left square of Figure 2

demanding college 1 is 1 − P1. And in the right square it is P2(1 − P1). Therefore

D1(P ) = (1 + P2)(1 − P1)/2. D2 has an analogous formula, and the market clearing
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Figure 1. The Gale and Shapley algorithm
Notes: The set of student types Θ is represented by the two squares on the top panel. The left square
represents students that prefer college 1, and the right square students who prefer college 2. Scores at
each college are represented by the (x, y) coordinates. The lower panels show the first five steps of the
Gale-Shapley student-proposing algorithm. In each line, students apply to their favorite colleges that
have not yet rejected them in the left panel, and colleges reject students to remain within capacity in
the right panel. Students in dark gray are tentatively assigned to college 1, and in light gray tentatively
assigned to college 2.
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Figure 2. A stable matching in a continuum economy with two colleges
Notes: The two squares represent the set of student types Θ. The left square represents students
that prefer college 1, and the right square students who prefer college 2. Scores at each college are
represented by the (x, y) coordinates. The white area represents unmatched students, dark gray are
matched to college 1, and light gray to college 2.

equations are

S1 = 1/4 = (1 + P2)(1− P1)/2

S2 = 1/2 = (1 + P1)(1− P2)/2.

Solving this system, we get P1 = (
√

17 + 1)/8 and P2 = (
√

17 − 1)/8. In particular,

because the market clearing equations have a unique solution, the economy has a unique

stable matching (Theorem 1 shows this is a much more general phenomenon).

We show below that the cutoff characterization is also valid in the discrete Gale

and Shapley (1962) model, save for the fact that in discrete model each stable match-

ing may correspond to more than one market clearing cutoff. Figure 3 illustrates a

stable matching in a discrete economy with 1, 000 students. The 1,000 students were

assigned random types, drawn from the distribution η used in the continuum example.

In this sense, this discrete economy approximates the continuum economy. Note that

the cutoffs in the discrete economy are approximately the same as the cutoffs in the

continuum economy. Theorem 2 shows that, generically, the market clearing cutoffs of

approximating discrete economies approach market clearing cutoffs of the continuum

economy.

3. Convergence and Uniqueness

This section establishes conditions for the continuum model to have a unique stable

matching, and for it to correspond to the limit of the discrete Gale and Shapley (1962)
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Figure 3. A stable matching in a discrete economy approximating the
example.

Notes: The two squares represent the set of student types Θ. The left square represents students prefer
college 1, and the right square students who prefer college 2. Scores at each college are represented by
the (x, y) coordinates. There are 2 colleges, with capacities 250 and 500. 500 students have preferences
�θ= 1, 2, ∅ and 500 students have preferences 2, 1, ∅. Scores eθ were drawn independently according
to the uniform distribution in [0, 1]2. The Figure depicts the student-optimal stable matching. Balls
represent students matched to college 1, squares to college 2, and Xs represent unmatched students.

model. Readers purely interested in applications may skip to Section 4, where the key

ideas can be understood without Section 3. We begin with definitions necessary to

state the results.

3.1. The Discrete Gale and Shapley Model. The set of colleges is again C. A finite

economy F = [Θ̃, S̃] specifies a finite set of students Θ̃ ⊂ Θ, and an integer vector of

capacities S̃c > 0 for each college.11 We assume that no college is indifferent between two

students in Θ̃. A matching for finite economy F is a function µ̃ : C∪Θ̃→ 2Θ̃∪(C∪Θ̃)

such that

(1) For all θ in Θ̃: µ(θ) ∈ C ∪ {θ}.
(2) For all c ∈ C: µ(c) ∈ 2Θ̃ and #µ(c) ≤ S̃c.

(3) For all θ ∈ Θ̃, c ∈ C: µ(θ) = c iff θ ∈ µ(c).

These conditions may be interpreted as follows. (1) Each student is matched to a

college or to herself, (2) each college is matched to at most S̃c students, and (3) the

consistency condition that a college is matched to a student iff the student is matched

to the college.

The definition of a blocking pair is the same as in Section 2.1. A matching µ̃ is

said to be stable for finite economy F if it has no blocking pairs.

11We use the notation F for finite economies to avoid confusion over results involving sequences of
finite and continuum economies.
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Given a finite economy F = [Θ̃, S̃], we may associate with it the empirical distribution

of types

η =
∑
θ∈Θ̃

1

#Θ̃
δθ,

where δθ denotes is the probability distribution placing probability 1 on the point θ. The

supply of seats per student is given by S = S̃/#Θ̃. Note that [η, S] uniquely determine

a discrete economy F = [Θ̃, S̃], as Θ̃ = support(η) and S̃ = S ·#Θ̃. Therefore, either

pair [Θ̃, S̃] or [η, S] uniquely determine a finite economy F . Throughout the remainder

of the text we will abuse notation and refer to finite economies simply as

F = [η, S].

This convention will be useful for stating our convergence results below, as it makes

finite economies F comparable to continuum economies E.

3.1.1. Cutoffs. In this section, we fix a finite economy F = [η, S], and will omit depen-

dence on F in the notation. A cutoff is a number Pc in [0, 1] specifying an admission

threshold for college c. Given a vector of cutoffs P , a student’s individual demand

Dθ(P ), the aggregate demand function D(P ), and market clearing cutoffs are defined

as in Section 2.2.

In the discrete model we define the operators M̃ and P̃ , which have essentially

the same definitions as M and P . Given market clearing cutoffs P , µ̃ = M̃P is the

matching such that for all θ ∈ Θ̃: µ̃(θ) = Dθ(P ). Given a stable matching µ̃, P = P̃µ̃ is

given by Pc = 0 if η(µ̃(c)) < Sc and Pc = minθ∈µ̃(c) e
θ
c otherwise. We have the following

analogue of the supply and demand lemma.

Lemma 2. (Discrete Supply and Demand Lemma) In a discrete economy, the

operators M̃ and P̃ take stable matchings into market clearing cutoffs, and vice versa.

Moreover, M̃P̃ is the identity.

3.2. Convergence Notions. To describe our convergence results, we must define no-

tions of convergence for economies and stable matchings. We will say that a sequence

of continuum economies {Ek}k∈N, Ek = [ηk, Sk] converges to a continuum economy

E = [η, S] if the measures ηk converge in the weak sense to η, and if the vectors Sk

converge to S.

Throughout the paper, we use the sup norm ‖ · ‖ whenever considering vectors in

Euclidean space. We take the distance between stable matchings to be the distance

between their associated cutoffs. That is, the distance between two stable matchings µ

and µ′ is

d(µ, µ′) = ‖Pµ− Pµ′‖.
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A sequence of finite economies {F k}k∈N, F k = [ηk, Sk] converges to a continuum

economy E = [η, S] if the empirical distribution of types ηk converges to η in the

weak sense, and the vectors of capacity per student Sk converge to S. Given a stable

matching of a continuum economy µ, and a stable matching of a finite economy µ̃, we

define

d(µ̃, µ) = sup
P
‖P − Pµ‖

over all vectors P with M̃P = µ̃. The sequence of stable matchings {µ̃k}k∈N with

respect to finite economies F converges to stable matching µ of continuum economy E

if d(µ̃k, µ) converges to 0.

Finally, we will show that the set of stable matchings of large finite economies becomes

small under certain conditions. To state this, define the diameter of the set of stable

matchings of a finite economy F as sup{‖P −P ′‖ : P and P ′ are market clearing cutoffs

of F}.

3.3. Convergence and Uniqueness Results. We are now ready to state the unique-

ness and convergence results. The first result shows that continuum economies typi-

cally have a unique stable matching. In this section, because we consider sequences of

economies, we will explicitly denote the dependence of demand functions on measures

as D(·|η), and on economies as D(·|E) or D(·|F ). We begin by defining a notion of

smoothness of measures.

Definition 3. The distribution of student types η is regular if the image under D(·|η)

of the closure of the set

{P ∈ (0, 1)C : D(·|η) is not continuosuly differentiable at P}

has Lebesgue measure 0.

This condition is satisfied for example if D(·|η) is continuously differentiable, or if

η admits a continuous density. However, it also includes cases where demand is not

differentiable, as in the analysis of matching mechanisms in Section 4.3. The next result

gives conditions for the continuum model to have a unique stable matching.

Theorem 1. Consider an economy E = [η, S].

(1) If η has full support, then E has a unique stable matching.

(2) If η is any regular distribution, then for almost every vector of capacities S with∑
c Sc < 1 the economy E has a unique stable matching.

The theorem has two parts. First, whenever η has full support, a continuum economy

has a unique stable matching. Therefore, whenever the set of students is rich enough, an

economy has a unique stable matching. Moreover, even if the full support assumption

does not hold, in a very general setting for almost every S there exists a unique stable
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matching. Therefore, the typical case is for the continuum model to have a unique

stable matching.

The proof is based on extensions of classic results in matching theory provided in

the appendix. The lattice theorem shows that there exist smallest and largest vectors

of market clearing cutoffs. Moreover, the rural hospitals theorem guarantees that the

number of unmatched students is the same under the highest and lowest market clearing

cutoffs. This implies that demand is constant among cutoffs between the smallest and

largest market clearing cutoffs. The first part of the theorem follows because, with

full support, demand is strictly decreasing. The intuition for the second part is that

supply and demand almost never intersect in a region where demand is constant. This

intuition is similar to the case of a supply and demand model with a single good, where

it is a knife-edge case for demand to be vertical at the equilibrium price. The proof is

based on a result in analysis known as Sard’s theorem. This approach was introduced

by Debreu (1970) in general equilibrium theory. Varian (1975) later applied similar

ideas in differential topology to uniqueness of competitive equilibrium.

The next theorem connects the continuum model and the discrete Gale and Shapley

model. It shows that when an economy E has a unique stable matching, which is the

generic case, (1) it corresponds to the limit of stable matchings of approximating finite

economies, (2) approximating finite economies have a small set of stable matchings,

and (3) the unique stable matching varies continuously with fundamentals.

Theorem 2. Assume that the continuum economy E admits a unique stable matching

µ. We then have

(1) For any sequence of stable matchings {µ̃k}k∈N of finite economies in a sequence

{F k}k∈N converging to E, we have that µ̃k converges to µ.

(2) Moreover, the diameter of the set of stable matchings of {F k}k∈N converges to 0.

(3) The stable matching correspondence is continuous at E within the set of contin-

uum economies E.

Part (1) justifies using the simple continuum model as an approximation of the Gale

and Shapley (1962) model. Formally, the unique stable matching of a continuum econ-

omy is the limit of any sequence of stable matchings of approximating finite economies.

We emphasize that, for a sequence of finite economies {F k}k∈N to converge to a con-

tinuum economy E, it is necessary that the empirical distribution of student types

converges. Therefore, the economies F k have an increasing number of students, and a

fixed number of colleges. Section 4.2 gives convergence rate results, and discusses when

the continuum approximation is appropriate.

Part (2) states that the diameter of the set of stable matchings of any such sequence

of approximating finite economies converges to 0. This means that, as economies in the

sequence become sufficiently large, the set of stable matchings becomes small. More
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precisely, even if such an economy has several stable matchings, cutoffs are very similar

in any stable matching.

Finally, Part (3) states that the unique stable matching of E varies continuously in

the set of all continuum economies E . That is, the stable matching varies continuously

with the fundamentals of economy E. Part (3) is of significance for studies that use

data and simulations to inform market design (Abdulkadiroğlu et al. 2009). It implies

that, in large matching markets, the conclusions of such simulations are not sensitive

to small changes in fundamentals.

We now provide an example of a continuum economy with multiple stable match-

ings.12 This shows that existence of a unique stable matching cannot be guaranteed

in general. Moreover, we show that when a continuum economy has multiple stable

matchings, very generally none of them are robust to small perturbations of fundamen-

tals. This implies that the conclusions of Theorem 2, linking the discrete and continuum

models, are not valid when there are multiple stable matchings.

Example 1. (Multiple Stable Matchings)

There are two colleges with capacity S1 = S2 = 1/2. Students differ in their height.

While college 1 prefers taller students, college 2 prefers shorter students. To model

this we assume scores are uniformly distributed in the segment [(1, 0), (0, 1)]. Student

preferences are uncorrelated with height, and half of the students prefer each college.

Under these assumptions, P = (0, 0) clears the market, with demand 1/2 for each

college. Likewise, P = (1/2, 1/2) corresponds to a stable matching, with the taller

half of the population going to college 1, and the shorter half to college 2. These are

respectively the student-optimal and college-optimal stable matchings. For P1 and P2

in [0, 1/2], the demand functions are

(2) Dc(P ) = 1/2− (Pc − Pc′).

Therefore, any cutoff vector in the segment [(0, 0), (1/2, 1/2)] corresponds to a stable

matching.

Note that none of these stable matchings is robust to small perturbations of funda-

mentals. Consider adding a small amount of capacity to each college. If this is done, at

least one of the colleges must be in excess supply, and have a cutoff of 0 in equilibrium.

This implies that the other college will have a cutoff of 0. Therefore, the only stable

matching would correspond to P = (0, 0). Likewise, in an economy where each college

had slightly smaller capacity, any market clearing cutoff involves cutoffs greater than

1/2. Otherwise, the demand equation (2) would imply that there is excess demand for

at least one of the colleges.

12We would like to thank Ted Bergstrom for suggesting this example.
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The following proposition generalizes the example. It shows that, when the set of

stable matchings is large, none of the stable matchings are robust to small perturbations.

Proposition 1. (Non Robustness) Consider an economy E with
∑

c Sc < 1. Let

P be a market clearing cutoff. Assume that there exists another market clearing cutoff

which is either strictly larger or strictly smaller than P . Let N be a sufficiently small

neighborhood of P . Then there exists a sequence of economies Ek converging to E

without any market clearing cutoffs in N .

4. Applications and Extensions

4.1. Competition and School Quality. This section considers the classic question

of whether competition between public schools improves school quality, and illustrates

the derivation of comparative statics in our model. Hatfield et al. (2014) consider an

important aspect of this problem, namely whether competition for the best students

gives schools incentives to improve.13 They study the incentives for public schools to

invest in quality in a city where there is school choice, so that schools compete for

students, using the standard discrete Gale and Shapley framework. They show that, in

large markets, the incentives for schools to invest in quality are nonnegative, but are

silent about their magnitude and about what types of investments schools pursue.14 To

address these issues, we approach the problem from a price-theoretic perspective.

Consider a city with a number of public schools c = 1, . . . , C, each with capacity

Sc. Students and schools are matched according to a stable matching. This is a stark

description of the institutional arrangements in cities where a centralized clearinghouse

assigns students using a stable matching mechanism. Students are denoted as i, in a set

of students I. Note that I is a set of students, distinct from the set Θ of student types.

Schools’ preferences over students are given by scores eic. We assume that the vectors

ei are distributed according to a distribution function G(·) in [0, 1]C , with a continuous

density g > 0.

Students’ preferences depend on the quality δc ∈ R of each school. δc should be

interpreted as a vertical quality measure, in that all students prefer higher δc. However,

different students may be affected differently by δc. If, for example, δc measures the

13The effect of competition on the provision of services by public schools, and local government services
in general, is a classic topic in the economics of education and the public sector. Tiebout (1956) has
pointed out that competition between locations allows agents to sort efficiently into places that offer
the level of public services they prefer. With respect to schools, the literature has emphasized the
importance of competition and choice to private efficiency of allocations, and spillover effects (see
Hoxby, 2000 and references therein). More closely related to Hatfield et al. (2014) are papers that
consider whether competition gives school administrators incentives to perform better, such as Hoxby’s
(1999) model of moral hazard where families may move, and school districts compete for resources.
14In contrast, Hatfield et al. (2014) provide sharp results comparing different school choice mechanisms,
which we do not pursue as the present paper deals exclusively with stable matchings.
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quality of a school’s calculus course, then students of high academic caliber, or with

a focus in math, will be more sensitive to changes in δc. One of the advantages of

our approach is that it predicts which groups of students a school would like to target

with improvements in quality. Student i has utility uic(δc) > 0 of attending school c,

increasing in δc, and utility 0 of being unmatched. The measure of students who are

indifferent between two schools is 0, for any value of the vector δ. Given δ, preferences

induce a distribution ηδ over student types Θ, which we assume to be have a density

fδ > 0, smooth in δ and θ.

Under these assumptions, given δ, there exists a unique stable matching µδ. Let P ∗(δ)

be the unique associated market clearing cutoffs. Dependence on δ will be omitted when

there is no risk of confusion.

For concreteness, define the aggregate quality of a school’s entering class as

Qc(δ) =

ˆ
µδ(c)

eθc dηδ(θ)

That is, the integral of scores eθc over all students matched to the school. We consider

how a school’s quality δc affects the quality of its entering class Qc. The motivation is

that, following Hatfield et al. (2014), if schools are concerned about Qc, then a direct

link between δc an Qc gives school administrators incentives to improve quality δc. Note

that, because we are not performing an equilibrium analysis, it is not assumed that the

quality of the entering class Qc is the sole objective of a school. Even if schools have

complex objectives, the impact of δc on Qc isolates how investments benefit schools

purely on the dimension of competing for a strong entering class. That is, the selection

benefits of investment, driven by schools competing for students as opposed to being

assigned a fixed entering class.

The effect of a school investing in quality can be written in terms of average charac-

teristics of students who are marginally choosing or being chosen by schools, much like

the effect of a demand shift in markets with prices is a function of characteristics of

marginal consumers (Spence, 1975; Veiga and Weyl, 2014). To highlight the intuition

behind the effect of investing in quality, we define the following quantities.

• The number Nc of additional students attracted to school c by a marginal in-

crease in quality:

Nc ≡
d

dδc
Dc(P )|P=P ∗(δ) =

ˆ
{θ:Dθ(P ∗(δ))=c}

d

dδc
fδ(θ) dθ.

• The average quality of the attracted students:

ēc ≡
1

Nc

ˆ
{θ:Dθ(P ∗(δ))=c}

eθc ·
d

dδc
fδ(θ) dθ.
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• The set of students who are marginally accepted to school c′ and would go to

school c otherwise:

M̃c′c ≡ {θ : c′ �θ c, Pc′ = eθc′ , Pc ≤ eθc , Pc′′ > eθc′′∀c′′ 6= c′ : c′′ �θ c}.

• The C−1 dimensional mass of students in this margin, and their average scores:

Mc′c ≡
∑
�∈R

ˆ
(�,(Pc′ ,e−c′ ))∈M̃c′c

fδ(�, (Pc′ , e−c′)) de−c′

P̄c′c ≡
1

Mc′c

∑
�∈R

ˆ
(�,(Pc′ ,e−c′ ))∈M̃c′c

e
(�,(Pc′ ,e−c′ ))
c · fδ(�, (Pc′ , e−c′)) de−c′ .

The effect of school quality δc on the quality of the entering class Qc is as follows.

Proposition 2. Assume that P ∗(δ) > 0, and that P is differentiable in δc. Then the

quality of the entering class Qc is differentiable in school quality δc, and its derivative

can be decomposed as

(3)
dQc

dδc
= [ēc − P ∗c ] ·Nc︸ ︷︷ ︸

Direct Effect

−
∑
c′ 6=c

[P̄c′c − P ∗c ] ·Mc′c · (−
dP ∗c′

dδc
)︸ ︷︷ ︸

Market Power Effect

.

The direct effect term is weakly positive, always giving incentives to invest in quality.

The market power terms increase (decrease) the incentives to invest in quality if an

increase (decrease) in the quality of school c increases the market clearing cutoff of

school c′, that is dP ∗c′(δ)/dδc > 0 (< 0).

The proposition states that the effect of an increase in quality can be decomposed in

two terms. The direct effect is the increase in quality, holding cutoffs P fixed, due to

students with ec ≥ P ∗c choosing school c with higher frequency. Note that this term is

proportional to ēc−P ∗c . Since the total number of students that the school is matched

to is fixed at Sc, the gain is only a change in composition. As the school attracts more

students with average score ēc it must give up marginal students with scores P ∗c . The

change in quality ēc−P ∗c is multiplied by Nc, the number of students who change their

choices.

The market power effect measures how much the school loses due to its higher quality

decreasing the equilibrium cutoffs of other schools. It is (the sum over all other schools

c′ of) the product of the change in cutoffs of the other school (−dP ∗
c′

dδc
), times the quantity

of students in the margin that change schools due to a small change in cutoffs, Mc′c,

times the difference in the average quality of these students and the quality of a marginal

student P̄c′c−P ∗c . The market power effect from school c′ has the same sign as dP ∗c′/dδc.

It reduces the incentives to invest in quality if increasing δc reduces the selectivity of

school c′. However, it can be positive in the counterintuitive case where improving the
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quality of school c increases the selectivity of school c′. The latter case is only possible if

C ≥ 3.15 The intuition for the direction of the market power effect is that improvements

in quality help if they induce competing schools to become more selective, but harm in

the more intuitive case where improving quality makes other schools less selective, and

therefore compete more aggressively for students.

Hatfield et al.’s (2014) main result is that, in a large thick market, where each school

comprises a negligible fraction of the market, the incentives to invest in quality are

weakly positive. Within our framework this can be interpreted as saying that in such

markets the market power term becomes small, and therefore dQc/dδc ≥ 0.

Note that the decomposition of incentives in equation (3) gives conditions where

schools have muted incentives to invest in quality improvements for lower ranked stu-

dents. If δc is a dimension of quality such that dfδ(θ)/dδc ≈ 0 unless eθc ≤ Pc or eθc ≈ Pc,

then the direct effect

[ēc − P ∗c ] ·Nc ≈ 0.

Consider the case where the effect of the quality of school c on the cutoffs of other

schools is either small or has the intuitive sign dP ∗c′/dδc ≤ 0. Then the small direct effect

and weakly negative market power effect imply dQc/dδc ≤ 0. Therefore, by allowing

schools to compete, school choice gives incentives to invest in improvements benefiting

the best students, but not the marginal accepted students. An example would be that

a school has incentives to invest in a better calculus teacher, and assigning counselor

time to advise students in applying to top colleges; and at the same time small or

negative incentives to improve the quality of classes for lower ranked students, or invest

counselor time in helping students with low grades. The logic of this result is that,

since the quantity of students Sc that are matched to school c is fixed, for every student

of score ec that a school gains by improving quality it must shed a marginal student

with score P ∗c . The direct effect can only be profitable if ec− P ∗c is appreciably greater

than 0. The argument is completed by the observation that the market power term

is weakly negative if dP ∗c′/dδc ≤ 0. Note that marginal students with scores ec ≈ P ∗c
are not necessarily “bad.” For an elite high school, cutoffs P ∗c are high, in the sense

15To see this, write the aggregate demand function conditional on δ as D(P, δ). Then D(P ∗(δ), δ) = S.
By the implicit function theorem, we have ∂δP

∗ = −(∂PD)−1 · ∂δD. If C = 2, solving this system
implies dP ∗c′/dδc ≤ 0 for c 6= c′. With C = 3, an example of dP ∗c′/dδc > 0 for c 6= c′ is given by

∂PD =

−10 1 1
4 −10 1
4 1 −10

 , ∂δ1D = (10,−9,−1).

In this example the effect of increasing the quality of college 1 on cutoffs is ∂δ1P
∗ = (.98,−.49, .24), so

that the cutoff of college 3 goes up with an increase in δ1. The intuition is that an increase in quality
of college 1 takes more students from college 2 than college 3, and the decrease in the selectivity of
college 2 induces college 3 to become more selective.
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that a type ec student is very desirable.16 Yet, because changes in quality only shift

the composition of the entering class, it is still the case that the incentives to invest in

attracting such students is small. Another way to frame this discussion is that the only

scenario where the incentives to invest in marginal students may be positive is when

a school does have market power, in the sense that it can affect the cutoffs of other

schools, and for at least one of these other schools dP ∗c′/dδc > 0.

The model displays an additional distortion. Even though quality affects uic(δc) for

all students, schools are only concerned with the impact on students who are indifferent

between different schools, as equation (3) only depends on changes in fδ. This is the

familiar Spence (1975) distortion of a quality setting monopolist. Its manifestation in

our setting is that schools’ investment decisions take into account marginal but not

inframarginal students.

Finally, if we assume that schools are symmetrically differentiated,17 it is possible to

gain further intuition on the market power effect. If the function fδ(θ) is symmetric

over schools, and all Sc = Sc′ , δc = δc′ , then the market power term reduces to

− Mc′c

Mc∅ + C ·Mc′c
· [P̄c′c − P ∗c ] ·Nc,

where Mc∅ =
´
{θ:eθc=Pc,eθc′<Pc′∀c

′ 6=c} fδ(θ)dθ is the (C−1)-dimensional mass of agents who

are marginally accepted to school c and not accepted to any other schools. In the

symmetric case, the market power effect is negative, and proportional to the quality

wedge P̄c′c−P ∗c , times the amount of students that school c attracts with improvements

in quality Nc. Ceteris paribus, the absolute value of the market power effect grows with

Mc′c, the mass of students on the margin between school c′ and c. These are the students

that school c may lose to c′ if c′ competes more aggressively. The absolute value of the

market power effect also decreases with the number of schools C, and holding fixed

the other quantities it converges to 0 as the number of schools grows. The expression

suggests conditions under which competition reduces the incentives for schools to invest

in quality improvements for marginal applicants. This is the case when a small number

of schools compete for densely populated margins M̃cc′ . An example would be a city

with a small number of elite schools, that compete mostly with each other for the best

students, but are horizontally differentiated, so that many students are in the margins

M̃cc′ .

This effect might help explain puzzling findings from regression discontinuity studies

of elite schools. Dobbie and Fryer (2014) and Abdulkadiroğlu et al. (2014) find that

marginally accepted students to the top three exam schools in Boston and New York do

16For example, Stuyvesant High School’s SAT scores are in the 99.9th percentile in the state of New
York (Abdulkadiroğlu et al., 2014).
17We would like to thank Glen Weyl for the suggestion to consider the symmetric case.
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not dot attain higher SAT scores, despite the better peers and large amount of resources

invested in these schools. This is consistent with the prediction that competition gives

elite schools incentives to compete for the best students, but not to invest in improve-

ments that benefit marginal students. At the same time, marginally rejected students

at elite schools are likely to be among the best students in the schools they eventually

go to. Therefore, the non-elite schools have incentives to tilt investments towards these

students, which helps to explain the absence of a large difference in outcomes.

The analysis in this section could be extended in a number of ways. If the model

specified costs for schools to invest, and possibly more complex objectives, it would be

possible to derive first-order conditions for equilibrium play of schools. By specifying

social welfare, the equilibrium conditions could be compared with optimization by a

social planner. As the goal of this section is simply to illustrate the derivation of

comparative statics in the continuum framework, in the interest of space we leave these

extensions for future research, and discuss related applications in the conclusion. We

do note that the expression derived in Proposition 2 is valid for general demand shocks

in matching markets, so that the methodology can be readily applied to other markets.

Moreover, this type of comparative static leads to straightforward equilibrium analysis

in a market where firms are assumed to play strategically, as illustrated in Azevedo

(2014).

4.2. Random Economies and Convergence Rates. This section extends the con-

vergence results to randomly generated finite economies, and bounds the speed of con-

vergence. Many mechanisms used in practical market design explicitly incorporate

randomly generated preferences, so that the results imply new characterizations of the

asymptotics of such mechanisms, which we explore in Section 4.3.

We extend the convergence in Theorem 2 to economies where agents are randomly

drawn, with types independently and identically distributed. The following proposition

implies convergence of the sets of stable matchings, and bounds the speed of conver-

gence. Denote by [x] the nearest integer to a real number x, rounding down in case of

a tie.

Proposition 3. Assume that the continuum economy E = [η, S] admits a unique stable

matching µ, associated market clearing cutoff P ∗, and
∑

c Sc < 1. Let F k = [ηk, Sk]

be a randomly drawn finite economy, with k students drawn independently according to

η and the vector of capacity per student Sk defined as Skk = [Sk]. Let {µ̃k}k∈N be a

sequence of random variables, such that each µ̃k is a stable matching of F k. We have

the following results.

(1) F k converges almost surely to E, and µ̃k converges almost surely to µ.

Moreover, convergence is fast in the following sense. Assume that D(·|η) is C1, and

∂D(P ∗) is invertible. Fix ε > 0. We then have that:
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(2) There exist constants α, β > 0 such that probability that F k has a market clearing

cutoff P k with ‖P k − P ∗‖ ≥ ε is bounded by

Pr{F k has a market clearing cutoff P k with ‖P k − P ∗‖ > ε} ≤ α · e−βk.

(3) Moreover, if η can be represented by a continuous density, let the Gk be fraction

of students in economy F k that receives a match different from that in the continuum

economy E, that is, Dθ(P k) 6= Dθ(P ∗) for some market clearing cutoff P k of F k . Then

Gk converges to 0 almost surely, and there exist α′, β′ > 0 such that the probability that

Gk > ε is bounded by

Pr{Gk > ε} ≤ α′ · e−β′k.

Part (1) says that the stable matchings of the randomly drawn economies converge

almost surely to stable matchings of the limit approximation. This justifies using the

continuum model as an approximation of the discrete model in settings where preference

are random, such as in mechanisms that rely on tie-breaking lotteries. Parts (2) and

(3) bound the speed of convergence. Given ε > 0, the probability that market clearing

cutoffs in F k deviate from those in E by more than ε converges to 0 exponentially.

Moreover, it guarantees that the fraction of students that may receive different matches

in the continuum and finite economy is lower than ε with probability converging to 1

exponentially.

We performed simulations to gauge the applicability of the model in realistic market

sizes. Student scores were drawn as the average of a student-specific component, and

a college-student component, each drawn independently from the uniform distribution.

As such, the correlation of eθc and eθc′ for c 6= c′ is 1/2. Student preferences were drawn

uniformly at random, and all colleges have equal capacity. The total number of seats

per capita is 1/2, so that half of the students are unmatched in equilibrium.

Figure 4 reports the results of 1,000 simulations for various market sizes. In each

simulation we draw an economy and calculate the student-optimal stable matching, and

associated cutoffs. The simulations show that, even with as few as 10 seats per college, the

average fraction of mismatched students Gk is not too large, around 15%. More interestingly,

if there are at least 100 seats per college, then the error is quite small, with the average value

of Gk lower than 5%. Moreover, this fraction does not increase substantially with the number

of colleges. With 100 seats per college, the average number of misplaced students does not

exceed 5% for any number of colleges between 2 and 500. Finally, the bottom panels show

that, with at least 100 seats per college, realized cutoffs are close to the continuum cutoffs

with very high probability, and that their mean is virtually identical to the continuum cutoffs.

4.3. Market Design Applications. We now apply our convergence results to mar-

ket design. Since many matching and assignment mechanisms use lotteries to break
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Figure 4. Speed of convergence
Notes: The figure depicts statistics of student-optimal stable matchings in 1,000 simulations
for each market size, with the distribution of preferences as in the text. The top panels display
the fraction Gk of students who receive different matches in the discrete economy, with lines
corresponding to the mean, 5th and 95th percentile across simulations. The bottom panels
report cutoffs, with lines representing the mean, 5th and 95th percentiles, across all colleges
and simulations. The dashed line represents the continuum cutoffs. Capacity per college, in
the horizontal axes, is depicted in a log scale.

ties, our results on convergence of random economies readily imply asymptotic char-

acterizations and large market properties of these mechanisms. Specifically, we give a

simple derivation of results by Che and Kojima (2010) for the canonical random serial

dictatorship mechanism, and generalize them with novel results for a state-of-the art

mechanism used in real school choice systems.

4.3.1. The Random Serial Dictatorship Mechanism. The assignment problem consists

of allocating indivisible objects to a set of agents. No transfers of a numeraire or any

other commodity are possible. The most well-known solution to the assignment problem

is the random serial dictatorship (RSD) mechanism. In the RSD mechanism, agents are

first ordered randomly by a lottery. They then take turns picking their favorite object,

out of the ones that are left. Recently, Che and Kojima (2010) have characterized the
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asymptotic limit of the RSD mechanism.18 In their model, the number of object types

is fixed, and the number of agents and copies of each object grows. Their main result is

that RSD is asymptotically equivalent to the probabilistic serial mechanism proposed

by Bogomolnaia and Moulin (2001). This is a particular case of our results, as the serial

dictatorship mechanism is equivalent to deferred acceptance when all colleges have the

same ranking over students. This section formalizes this point.

In the assignment problem there are C object types c = 1, 2, . . . , C. An instance of

the assignment problem is given by AP = (k,m, S), where k is the number of agents,

m is a vector with m� representing the fraction of agents with preferences � for each

�∈ R, and S a vector with Sc being the number of copies of object c available per

capita. An allocation specifies for each agent i ∈ {1, 2, . . . , k} a probability xic(AP ) of

receiving each object c. Because we will only consider allocations that treat ex ante

equal agents equally, we denote by x�c (AP ) the probability of an agent with preferences

� receiving object c, for all preferences � present in the assignment problem.

We can describe RSD as a particular case of the deferred acceptance mechanism

where all colleges have the same preferences. First, we give agents priorities based on a

lottery l, generating a random finite college admissions problem F (AP, l), where agents

correspond to students, and colleges to objects. Formally, given assignment problem

AP, randomly assign each agent i a single lottery number li uniformly in [0, 1], that

gives her score in all colleges (that is, objects) of eic = l. Associate with this agent

a student type θi = (�i, ei). This induces a random discrete economy F (AP, l) as in

the previous section. That is, as l is a random variable, F (AP, l) is a random finite

economy, and for particular draws of l it is a finite economy. For almost every draw of

l the economy F (AP, l) has strict preferences. Each agent i’s allocation xic(AP ) under

RSD is then equal to the probability of receiving object c in her allocation in F (AP, l).

Consider now a sequence of finite assignment problems {AP k}k∈N, AP k = (k,mk, Sk)k∈N.

Assume (mk, Sk) converges to some (m,S) with S > 0,m > 0. Let each lk be a lottery

consisting of k draws, one for each agent, uniformly distributed in [0, 1]k. For each k,

the assignment problem and the lottery induce a random economy F (AP k, lk).

Note that the finite economies F (AP k, lk) converge almost surely to a continuum

economy E with a vector S of quotas, a mass m� of agents with each preference list

�, and scores eθ uniformly distributed along the diagonal of [0, 1]C . This continuum

economy has a unique market clearing cutoff P (m,S). By Proposition 3, cutoffs in

large finite economies are converging almost surely to P (m,S). We have the following

characterization of the limit of the RSD mechanism.

18This asymptotically characterization has been generalized by Liu and Pycia (2013) to any uniform
randomization over Pareto efficient mechanisms under an equicontinuity condition.
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Proposition 4. Under the RSD mechanism the probability x�c (AP k) that an agent with

preferences � will receive object c converges toˆ
l∈[0,1]

1(c=arg max
�

{c∈C|Pc(m,S)≤l}) dl.

That is, the cutoffs of the continuum economy describe the limit allocation of the

RSD mechanism. In the limit, agents are given a lottery number uniformly drawn

between 0 and 1, and receive their favorite object out of the ones with cutoffs Pc(m,S)

below the lottery number l. Note that this implies the Che and Kojima (2010) result on

the asymptotic equivalence of RSD and the probabilistic serial mechanism. Namely, in

the probabilistic serial mechanism agents simultaneously eat probability shares of their

favorite object that is still available. The market clearing equations imply that object

c runs out at time 1− Pc(m, s). Hence, the probability that an agent with preferences

� is assigned her favorite object c1 is 1− Pc1(m, s). The probability of being assigned

her second choice c2 or better equals maxc�c2 1− Pc(m, s), and so on.

4.3.2. School Choice Mechanisms. We now derive new results for deferred acceptance

mechanisms used by actual clearinghouses that allocate seats in public schools to stu-

dents. These mechanisms generalize RSD, as in school choice some students are given

priority to certain schools.

The school choice problem consists of assigning seats in public schools to students,

while observing priorities some students may have to certain schools. It differs from

the assignment problem because schools give priorities to subsets of students. It differs

from the classic college admissions problem in that often schools are indifferent between

large sets of students (Abdulkadiroğlu and Sönmez 2003). For example, a school may

give priority to students living within its walking zone, but treat all students within

a priority class equally. In Boston and NYC, the clearinghouses that assign seats in

public schools to students were recently redesigned by academic economists (Abdulka-

diroğlu et al. 2005a,b). The chosen mechanism was deferred acceptance with single

tie-breaking (DA-STB). DA-STB first orders all students using a single lottery, which

is used to break indifferences in the schools’ priorities, generating a college admissions

problem with strict preferences. It then runs the student-proposing deferred acceptance

algorithm given the refined preferences (Abdulkadiroğlu et al. 2009; Kesten and Ünver

Forthcoming).

We can use our framework to derive the asymptotics of the DA-STB mechanism.

Fix a set of schools C = {1, . . . , C}. Students are described as i = (�i, ei) given by a

strict preference list �i and a vector of scores ei. However, to incorporate the idea that

schools only have very coarse priorities, corresponding to a small number of priority

classes, we assume that all eic are integers in {0, 1, 2, . . . , ē} for ē ≥ 0. Therefore, the

set of possible student types is finite. We denote by Θ̄ the set of possible types. A
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school choice problem SC = (k,m, S) is given by a number of students k, a fraction

mi of students of each of the finite types θ̄ ∈ Θ̄, and a vector of capacity per capita of

each school S.

We can describe the DA-STB mechanism as first breaking indifferences through a

lottery l, which generates a finite college admissions model F (SC, l), and then giving

each student the student-proposing deferred acceptance allocation. Assume each stu-

dent i ∈ {0, 1, . . . , k} receives a lottery number li independently uniformly distributed

in [0, 1]. The student’s refined score in each school is given by her priority, given by her

type, plus lottery number, eθic = eic + li. The refined type is defined as θi = (�i, eθi).
Therefore, the lottery yields a randomly generated finite economy F (SC, l), as defined

in Corollary 3. The DA-STB mechanism then assigns each student i in F to her match

in the unique student-optimal stable matching. For each type θ̄ ∈ Θ̄ in the school

choice problem, denote by xθ̄c(SC|DA) the probability that a student with type θ̄ re-

ceives school c, if type θ̄ is present in the economy.

Consider now a sequence of school choice problems SCk = (k,mk, Sk), each with

k →∞ students. Problem k has a fraction mk
θ̄

of students of each type, and school c has

capacity Skc per student. Assume (mk, Sk) converges to some (m,S) with S > 0,m > 0.

Analogously to the assignment problem, as the number of agents grows, the aggregate

randomness generated by the lottery disappears. The randomly generated economies

F (SCk, lk) are converging almost surely to a continuum economy, given as follows. For

each of the possible types θ̄ ∈ Θ̄, let the measure ηθ̄ over Θ be uniformly distributed in

the line segment�θ̄ ×[eθ̄, eθ̄+(1, 1, . . . , 1)], with total mass 1. Let η =
∑

θ̄∈Θ̄mθ̄ ·ηθ̄. The

limit continuum economy is given by E = [η, S]. We have the following generalization

of the result in the previous section.

Proposition 5. Assume the continuum economy E has a unique market clearing cutoff

P (m,S). Then the probability xθ̄c(SC
k|DA) that DA-STB assigns a student with type

θ̄ ∈ Θ̄ to school c converges toˆ
l∈[0,1]

1(c=arg max
�

{c∈C |Pc(m,S)≤eθc+l}) dl.

Moreover, the realized fraction of agents of type θ̄ that are assigned to school c con-

verges almost surely to this value.

The proposition says that the asymptotic limit of the DA-STB allocation can be

described using cutoffs. The intuition is that, after tie-breaks, a discrete economy with

a large number of students is very similar to a continuum economy where students have

lottery numbers uniformly distributed in [0, 1]. The main limitation of the proposition

is that it requires the continuum economy to have a unique market clearing cutoff.
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Although we know that this is valid for generic vectors of capacities S, example F1 in

Supplementary Appendix F shows that it is not always the case.

The second part of the result shows that as the market grows the aggregate ran-

domness of the DA-STB mechanism disappears. Although the mechanism depends on

random lottery draws, the fraction of agents with the same priority and preferences

going to each school converges almost surely to that in the asymptotic limit. There-

fore, while the allocation of an individual agent depends on the lottery, the aggregate

allocation is unlikely to change with different draws. This limit result is consistent

with data from the New York City match. Abdulkadiroğlu et al. (2009) report that in

multiple runs of the algorithm the average number of applicants assigned to their first

choice is 32,105.3, with a standard deviation of only 62.2. The proposition predicts that

in increasingly large markets, with a similar distribution of preferences and seats per

capita, this standard deviation divided by the total number of students (in the NYC

data 62.2/78, 728 ≈ 0.0008) converges to 0.

The proposition has an important consequence for the efficiency of DA-STB. Che

and Kojima (2010) show that, while the RSD mechanism is ordinally inefficient, the

magnitude of this inefficiency goes to 0 as the number of agents grows. Similarly, the

DA-STB mechanism is ex-Post inefficient, having a positive probability of its outcome

being Pareto dominated by other stable matchings (Erdil and Ergin 2008). Examples

show that, unlike RSD, this inefficiency does not go away in a large market. Indeed,

we give an example in Supplementary Appendix F where the probability that DA-STB

produces a Pareto dominated outcome converges to 1 as the market grows.

Finally, the proposition generalizes the result in the previous section, that describes

the asymptotic limit of the RSD mechanism. RSD corresponds to DA-STB in the

case where all students have equal priorities. Therefore, the market clearing equations

provide a unified way to understand asymptotics of RSD, the probabilistic serial mecha-

nism, and DA-STB. Moreover, one could easily consider other ways in which the lottery

l is drawn, and derive asymptotics of other mechanisms, such as deferred acceptance

with multiple tie-breaking discussed by Abdulkadiroğlu et al. (2009).

5. Conclusion

This paper applies standard supply and demand analysis to matching markets. Al-

though the supply and demand characterization is valid in both discrete and continuum

cases, the paper focuses on the model with a continuum of agents on one side of the

market. This approach permits simple derivation of comparative statics and of large-

market results. We now highlight four points that were not addressed in the analysis.

First, analysis of matching markets has typically taken one of two polar perspectives:

either focusing on assortative matching, where rich comparative statics can be derived,
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or using models based on Gale and Shapley, where a limited set of such results are

possible. We view our approach as a middle ground that complements these analyses.

This is illustrated by our school competition application, where we derive key compar-

ative statics as functions of the distribution of preferences and competitive structure in

a market.

Second, the tractability of the continuum model may be useful in applications, such as

Azevedo (2014)’s analysis of imperfect competition and Agarwal and Somaini (2014)’s

derivation of identification results and estimators for preferences in matching mecha-

nisms. It is, of course, important to determine whether the continuum approximation

is appropriate in any given application.

Third, the matching literature has explored frameworks that are more general than

the Gale and Shapley model. In these models, the existence of stable matchings de-

pends on restrictions on preferences, such as substitutability. It would be interesting

to understand to what extent the continuum assumption obviates the need for such

restrictions, as in Azevedo and Hatfield (2015) and Che et al. (2013).19

The common theme in our analysis is the application of basic ideas from competitive

equilibrium to matchings markets. We hope this underlying idea will prove useful in

the analysis of other problems, and broaden the applicability of Gale and Shapley’s

(1962) notion of stability, yielding insights in specific markets where Becker’s (1973)

assumptions of vertical preferences and assortative matching do not hold.
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