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Abstract

A risk-neutral firm can perform a randomized experiment (A/B test) to learn about
the effects of implementing an idea of unknown quality. The firm’s goal is to decide the
experiment’s sample size and whether or not the idea should be implemented at scale
after observing the experiment’s outcome. In this paper we study this classical problem
when the firm’s prior distribution over idea quality is Gaussian. We provide four results.
First, there is a closed-form solution for the value of running a randomized experiment.
Second, if costs increase linearly in the size of the experiment, there is a simple solution
to the experiment’s optimal sample size. Third, we derive comparative statics for the
value of experimentation and the firm’s optimal experimentation strategy. Fourth,
we solve for the sample size that minimizes the firm’s maximum regret and present
the problem’s least favorable prior over idea quality. Numerical examples confirm that
indeed the firm’s expected profits under the optimal experimentation strategy are higher
than under standard rules of thumb for choosing sample size.
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1 Introduction

There has been a revolution in the use of randomized experiments in the last twenty years

across a number of fields. One prominent example is that of large internet companies, which

routinely use experiments with tens of millions of users to test almost all of their product

innovations. Technology companies like Google, Facebook, and Microsoft call these exper-

iments “A/B Tests”. A/B tests have revolutionized how these and other companies screen

product innovations.

The popularity of online experimentation has reignited interest in classical questions in ex-

perimental design, such as how to best decide the size of an experiment. A prescient literature

in statistical decision theory studied this and many other questions in the 1950s and 1960s.

For instance, Raiffa and Schlaifer (1961) provide a textbook treatment of the “mathematical

analysis of decision making when the state of the world is uncertain but further information

about it can be obtained by experimentation”. They also provide examples that yield “charts

from which the optimal sample size and expected net gain of an optimal sample can be read

directly”.

In this paper we revisit this classical framework. We consider a risk-neutral firm that has

an idea of unknown quality, but can perform an experiment to learn about it. The firm’s

goal is to decide the experiment’s size and whether or not the idea should be implemented at

scale after observing the experiment’s outcome.1 As in Raiffa and Schlaifer (1961) we further

assume that, i) conditional on the idea’s quality, the outcome of the experiment is Gaussian

with known variance that decreases inversely proportional to the sample size; ii) the cost of

experimentation increases linearly in the sample size; and iii) the firm’s prior distribution

of idea quality is Gaussian. This model is a particular case of the A/B Testing Problem

in Azevedo et al. (2020) where a firm uses scarce experimental resources to screen multiple

1For example, if the firm runs a search engine, an idea is a potential improvement developed by engineers,
quality is some scalar performance measure, and the experiment is an A/B test conducted using a share of
the website’s traffic.
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potential innovations in order to implement a subset of them at scale.

We present three main results, the first two of which appear mutatis mutandis in Raiffa and

Schlaifer (1961) and the references therein. First, there is a closed-form solution to the value

obtained from an experiment (proposition 2).2 Second, there is a simple characterization of

the experiment’s optimal sample size (proposition 3). Third, we derive comparative statics

of the firm’s expected profits and the optimal sample size with respect to the parameters

of the Gaussian prior (proposition 4). To the best of our knowledge, proposition 4 is novel.

One important, counterintuitive finding from the comparative statistics is that an increase

in the prior variance leads to an increase in the firm’s expected profits. Interestingly, such

an increase in profits is sometimes achieved by decreasing the experiment’s sample size.

From the firm’s perspective, the principle of determining an experiment’s sample size by

maximizing profits seems more appealing than the standard and prevalent practice of using

power calculations for sample size determination.3 This point echoes the critiques of Meltzer

(2001) and Manski and Tetenov (2016, 2019). The implementation of the optimal sample size

is especially appealing in data-rich environments, such as experimentation in online firms,

where information from past experiments is readily available and can be used to choose the

prior following an empirical Bayes approach (see the discussion in Azevedo et al. (2019) and

the references therein).

A common objection to the decision-theoretic analysis in this paper is that it calls for the

use of a specific prior distribution over idea quality. One possible alternative is to replace

the Bayesian analysis of this problem by minimax or minimax regret choices of sample size.

This has been done in Bross (1950) and Somerville (1954) for the problem we study. We

present their minimax regret formula for the optimal sample size using the notation of the

A/B testing problem, and we complement their result by exhibiting the problem’s least

favorable prior distribution (proposition 5). This prior distribution can be interpreted as the

2The value obtained from an experiment is what Radner and Stiglitz (1984); Meltzer (2001); Chade and
Schlee (2002) refer to as the value of information.

3See for example List et al. (2011); Athey and Imbens (2017)
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distribution that an adversarial nature would select to minimize the firm’s expected regret.

The least favorable distribution turns out to be a two-point uniform distribution (one point

positive and the other negative), where the points of support are a fraction of the optimal

experiment’s standard deviation. The minimax regret choice of the sample size is the firm’s

optimal choice when the prior is the least favorable distribution.

The rest of the paper is organized as follows. Section 2 presents the model, section 3 the

results, and section 4 a numerical example. Section 5 concludes. Proofs are in the appendix.

2 Model

2.1 The Model

A firm has a single innovation, or idea. The firm is uncertain about the quality of the idea.

The true quality of the idea is a normally distributed random variable ∆ with mean M in R

and variance s2. The firm can perform an experiment (also known as an A/B test) to observe

a noisy signal of quality. An experiment with n users gives a normally distributed signal ∆̂

with mean equal to the true quality and variance σ2/n. The firm incurs a cost c per user in

the experiment.

The firm has two choice variables. The firm can choose an experimentation strategy n in R+,

the number of users assigned to the experiment. We also refer to n as how much data to use.

After observing the result of the experiment, the firm can choose an implementation strategy

S equal to 0 or 1 depending on whether the firm wants to implement the idea. Thus, S is a

measurable function of the signal realization, ∆̂. The firm’s payoff is the expected quality of

the idea if implemented minus the cost of experimentation,

Π(n, S) = E[S ·∆]− c · n.
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The firm’s goal is to choose the experimentation and implementation strategy to maximize

profits.

2.2 Related Literature

The problem described above is a particular case of what Raiffa and Schlaifer (1961) section

5.5 call a two-action problem with a scalar state, linear payoffs, and a Gaussian prior. Since

their notation is sometimes cumbersome, we provide our own proofs for all results and give

credit to the original sources in the proposition statements.

This model is a special case of Azevedo et al. (2020). The key restriction is that we consider

a normal prior, whereas they consider general priors. Moreover, we focus on the particular

case of a single idea where the only cost is a linear cost of obtaining more data. In contrast,

they allow for several ideas and more general costs (see their sections 2 and 5.2). We make

these simplifications to focus on the key insights from the Gaussian case.

2.3 Notation and the Production Function

We now introduce notation that simplifies the solution of the A/B testing problem. We

denote the realization of the random variable ∆ as δ, and likewise, we denote the realization

of ∆̂ as δ̂. We denote m := M/s, and the share of the variance of the signal explained by

the prior as θn := s2/(s2 + σ2/n) for n > 0 and θ0 := 0.

After running an experiment, the firm uses Bayes’ rule to calculate the posterior mean quality.

We denote the posterior mean after an experiment of sample size n with result δ̂ as

P (δ̂, n) := E[∆|∆̂ = δ̂].

The optimal implementation strategy is simple: the firm should implement an idea if and

only if the posterior mean quality is positive. That is, the firm’s expected payoff after an
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experiment equals the posterior mean if it is positive (in which case the idea is implemented),

or zero if the posterior mean is negative (in which case the idea is not implemented). This

means that, after running an experiment with n users, the firm’s expected payoff is

E[P (∆̂, n)+]− c · n.

We follow Azevedo et al. (2020) and define the production function f(n) as the net value

of investing n users in an experiment. The value of an idea without an experiment is M+,

because the idea is only valuable if it can be implemented profitably without observing any

data. So, we define f(n) as

f(n) := E[P (∆̂, n)+]−M+.

The production function can be used to write the A/B testing problem as a maximization

problem. The firm’s problem is to maximize the value of the data it invests into the idea

net of the costs, as in neoclassical producer theory. In our setting with a single idea, we can

simplify the solution as follows.

Azevedo et al. (2020) showed that the optimal implementation strategy is to implement the

idea if and only if P (δ̂, n) > 0. Unter the optimal implementation strategy, the firm’s payoff

equals the production function minus the cost of data plus the value of the idea with no data:

Π(n, S) = f(n)− c · n+M+. (1)

Therefore, the optimal experimentation strategy maximizes f(n)− c · n.
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3 Main Results

3.1 Optimal Implementation Strategy.

The standard formula for Bayesian updating with a Gaussian prior is that the posterior mean

is a convex combination between the data, δ̂, and the prior, M :

P (δ̂, n) = θnδ̂ + (1− θn)M .

From this formula we obtain the following simple result:

Proposition 1 (Optimal Implementation Strategy). It is optimal to implement an idea if

and only if the result δ̂ of the experiment is greater than t∗n · σ/
√
n, where we refer to t∗n as

the threshold t-statistic

t∗n := −m · σ/
√
n

s
.

The firm should calculate the standard frequentist t-statistic of quality associated with the

experiment—i.e., ∆̂/(σ/
√
n)— and implement the idea only if the t-statistic is above the

threshold. The threshold t-statistic tells the firm how strict it should be in implementing

the idea. If t∗n happens to be equal to 1.65 (the 95th percentile of the standard Gaussian

distribution), then the optimal implementation strategy corresponds to the commonly used

rule of thumb of a statistically significant positive effect with a 5% p-value. The formula

makes clear that there is no reason for the rule of thumb to be optimal. The threshold

p-value could be much greater if, for example, the prior about idea quality has mean close

to zero, or if the experiment is very precise relative to s. And the threshold p-value could be

much smaller if, for example, the prior mean idea quality is far from 0.
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3.2 Production Function and Optimal Experimentation Strategy.

Under a Gaussian prior, there is a closed-form solution for the production function:4

Proposition 2 (Production Function (Raiffa and Schlaifer, 1961; Grundy et al., 1956)). The

production function is

f(n) = s ·

(√
θn · φ

(
m√
θn

)
− |m| · Φ

(
−|m|√
θn

))
(2)

for n > 0, and f(0) = 0.

This function is bounded, increasing, convex in an interval [0, n̂], and concave in an interval

[n̂,∞), where

n̂ =
σ2

8s2
·
(
m2 − 1 +

√
m4 + 14m2 + 1

)
.

In addition, when M 6= 0, the marginal product f ′(n) satisfies f ′(0) = 0 and limn→∞ f
′(n) =

0.

Figure 1 depicts an example production function. Azevedo et al. (2020) have shown that,

with thin-tailed priors, the production function is convex near zero. For the specific case of

Gaussian priors, we can provide more details regarding the shape of the production function.

In particular, proposition 2 shows that the production function is convex first and then

concave.

The formula for the inflection point shows that when M is close to zero the region of convexity

is quite small. The same is true when σ2 is small. These effects are both consistent with the

intuitions in Radner and Stiglitz (1984) and Chade and Schlee (2002). These papers give

conditions under which the production function is convex near n = 0. For instance, suppose

that M < 0 so that under the prior the firm prefers not to implement an idea at scale. An

4The earliest reference we could find for this formula is Grundy et al. (1956) equation (4), under a slightly
different setup. Keppo et al. (2008) derive a closed-form solution for the value of information in the case
of two possible states, two possible actions, and normally distributed signals. Moscarini and Smith (2002)
derive an asymptotic formula for the value of information with a finite number of signals and actions.
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Figure 1: The production function f(n).
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Notes: The parameters are prior mean M = −5, prior standard deviation s = 5, and experimental

noise σ = 30.

extremely noisy signal for the experiment is likely to reverse this decision, so the marginal

value of information will be close to zero. If, however, σ2 is close to zero, small experiments

can provide informative signals that revert the prior ordering over actions.

With our assumption of a linear cost of data and a single idea, the optimal experimentation

strategy is particularly simple. When the cost of obtaining information always exceeds the

value of information—i.e., c · n > f(n) for all n > 0—it is optimal not to experiment at all

and set n∗ = 0.

When the value of information exceeds the cost of obtaining information for some n, the

optimal experimentation strategy is interior and satisfies the firm’s first order condition.

Using Proposition 2, we formalize this insight.

Proposition 3 (Optimal Experimentation Strategy, (Raiffa and Schlaifer, 1961; Grundy

et al., 1956)). Assume that f(n) > c · n for some n > 0. The optimal experimentation

strategy n∗ solves the first order condition of the firm’s profit maximization problem:

f ′(n) = c.
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The first-order condition has either one or two solutions and n∗ is the largest solution. n∗ is

greater than or equal to the inflection point defined in Proposition 2.

The first-order condition equates the marginal product of data and the marginal cost. It

defines the optimal sample size exactly, but it is an implicit equation that needs to be solved

numerically. The reasoning behind the optimality result is similar to neoclassical producer

theory. By Proposition 2, if M 6= 0, the marginal product starts at zero, increases from zero

to n̂ and then decreases asymptotically to zero. This implies that there can be two sample

sizes that equate marginal product and marginal cost: one smaller than n̂, and one larger.

Among these two, only the larger one has positive profits (because the average product of

data f(n)/n is greater than the marginal cost c).

Proposition 3 can be used to choose a sample size for experiments. In practice, the most

common rule of thumb for choosing sample size is a power calculation. For example, in

medical trials, one typically specifies a “minimum medically effective” treatment effect. The

experiment size is then chosen to guarantee a power of 0.8 at this treatment size. Similar

procedures are often used by researchers and by companies performing A/B tests.

This standard power calculation approach has been criticized because it has no reason to be

optimal, or even close to optimal (Manski and Tetenov, 2016, 2019). Proposition 3 makes

clear that power calculations are not optimal in a practical setting that is well-approximated

by our assumptions. In particular, the optimal experimental size does not depend on an

arbitrary “minimum medically effective” effect size, or on an arbitrary power level. Instead,

the optimal experimental size depends on the marginal cost of data c, on the experimental

noise σ, and on the parameters M and s of the prior.

Next, we present comparative statics for the production function f(n) and optimal experi-

mental size n∗.

Proposition 4 (Comparative Statics). Suppose that the conditions of Proposition 3 hold.

Then, the comparative statics for the production function f(n) and optimal experimental size
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n∗ are:

1.
∂f

∂M
> 0 iff M < 0

2.
∂f

∂s
> 0

3.
∂n∗

∂M
> 0 iff M < 0

4.
∂n∗

∂s
> 0 if |M | > s

> 0 if |M | < s and f ′(ñ) > c

< 0 if |M | < s and f ′(ñ) < c,

where

ñ =
σ2
(
3m2 + 2 +

√
m4 + 20m2 + 4

)
2s2 (1−m2)

.

The comparative statics offer qualitative principles for experimentation. (1) and (2) say that

the level of the production function is higher when either the mean is close to zero or prior

variance is high. These comparative statics are useful for determining whether to incur a

fixed cost to set up an experimental infrastructure. For example, if innovations are very

likely to be useful (large positive M and small s) then there is little point for a firm to set

up an experimentation platform. It would be better to simply implement all ideas without

experimenting and save on fixed costs.

Comparative statics (3) and (4) are about the optimal sample size of an experiment. (3)

says that experiments should be larger when the prior mean is close to zero. The practical

takeaway is similar to comparative statics (1): when the mean is far from zero, it is better to

do smaller experiments. Comparative statics (4) is about how scale depends on the variance

of the prior. Interestingly, the relationship is not monotone. The only relatively clear case is

when |M | > s, so that most of the mass of the prior is on the same side of 0. In that case,

a higher prior variance leads to larger experiments. This is an apparent contradiction with

the recent finding from Azevedo et al. (2020) that fatter-tailed priors lead to small optimal
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experiment sizes. The results do not mathematically contradict each other because our result

is about the variance of a Gaussian prior, whereas the Azevedo et al. (2020) result is about

the thickness of the tail of the prior. Nevertheless, comparative statics (4) shows that it is

not possible to conclude that a more spread out prior always leads to smaller (or larger)

experiments.

The intuition behind these comparative statics is as follows. (1) is true because a smaller

value of |M | (ideas that are closer to being marginal ex-ante) pushes towards both a higher

value of experimentation f(n) and a greater marginal value f ′(n). The higher marginal value

of data in turn implies the comparative statics (3) for n∗, because n∗ is the greater root of

f ′(n) = c, at a point where f ′(n) is decreasing in n. Comparative statics (2) holds because

more uncertainty about quality increases the value of experimentation.

The most subtle result is comparative statics (4). The key point is a rescaling argument.

If we multiply the parameters M , s, and σ by a constant, the problem is unchanged, so

the production function is multiplied by the constant. Abusing notation and denoting the

production function as a function of n and the parameters, we have

f(n|M, s, σ) = s · f(n|M/s, 1, σ/s).

That is, the production function for any given parameters equals the production function for

a normalized prior with s = 1 and M and σ scaled down by a factor of s. We show this

formally in the proof for Proposition 4.

Consider now the effect of increasing s on f ′(n|M, s, σ), which equals s · f ′(n|M/s, 1, σ/s).

There are three effects: s increases, M/s decreases, and σ/s decreases. Increasing s always

increases f ′, which pushes towards greater n∗. However, the effect of decreasing σ/s can

decrease f ′. For example, in the case of large n, decreasing σ/s moves into the range where

information is almost perfect, so that the marginal value f ′ is small.5 This effect may

5The simplest intuition comes from the large n approximation to the production function from Azevedo
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dominate, which is why the sign of the comparative statics depends on the parameters as

described in the proposition.

3.3 Minimax regret in the A/B Testing Problem

Our analysis above relies on the choice of a specific prior distribution for idea quality. One

alternative to this approach is to use the minimax regret strategy, the strategy that minimizes

the maximum regret of the firm’s payoff. When the quality of the innovation is δ, the firm’s

expected payoff from the strategy (n, S) is

u(n, S; δ) = δ E[S]− cn,

where the expectation is taken over the experimental noise, n ≥ 0 is the size of the experiment,

and S ∈ {0, 1} is the implementation strategy that depends on the result of the experiment,

δ̂n.

The regret of the strategy (n, S) is defined as the difference between the optimal expected

payoff if δ were observable, minus the expected payoff from choosing (n, S). If δ were observ-

able, the optimal strategy would be to implement the innovation if and only if its quality is

positive, without conducting any experimentation. Therefore, regret is

R(n, S, δ) = δ · 1{δ > 0} − u(n, S; δ). (3)

The minimax regret strategy (n∗MMR, S
∗
MMR) is the solution to

inf
n≥0,S

sup
δ
R(n, S, δ).

The minimax regret strategy has been proposed by Savage (1951) as a guideline for making

et al. (2020) Theorem 1. The marginal product for large n is approximately proportional to (σ/s)2, which is
decreasing in s.
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decisions under uncertainty, and is perhaps the most prominent existing alternative for de-

termining sample sizes without considering any additional assumptions (see Manski (2019)).

Bross (1950) and Somerville (1954) studied the minimax regret strategy for a problem closely

related to ours. We adapt their solution and solve for the experimentation (n) and imple-

mentation (S) strategies that minimize the maximum regret for the A/B Testing Problem.

For our setting, we additionally find a least favorable prior distribution that minimizes the

firm’s expected regret. To this end, define the firm’s average regret with respect to prior

distribution G as

r(n, S,G) ≡
∫
R(n, S,∆)dG.

Let G denote the set of all possible real-valued distributions for idea quality. The least favor-

able distribution is defined as the prior over the idea quality that maximizes the optimized

average regret. That is, the least favorable prior solves the problem

sup
G∈G

inf
n≥0,S

r(n, S,G). (4)

Consider the following experimentation and implementation strategies:

n∗MMR = k1 ·
(σ
c

)2/3
and S∗MMR = 1{δ̂ > 0},

where k1 is a constant approximated by 0.193, and the prior distribution G∗MMR with prob-

ability mass function

g∗MMR(δ) =



1
2

if δ = −k2 · σ√
n∗
MMR

1
2

if δ = k2 · σ√
n∗
MMR

0 otherwise,

where k2 is a constant approximated by 0.752.
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Proposition 5 (Minimax Regret). The experimentation and implementation strategy (n∗MMR, S
∗
MMR)

minimizes maximum regret and the distribution G∗MMR is the least favorable prior distribu-

tion.

The least favorable prior distribution G∗MMR can be interpreted as the distribution that an

adversarial nature would select to minimize the firm’s expected profits. The firm’s minimax

regret implementation and experimentation strategy are in turn Bayes optimal with respect

to this prior.

4 Illustrative Numerical Example

We now consider an illustrative numerical example. The example shows that our optimal

experimentation strategy can perform considerably better than the standard rule-of-thumb

in plausible settings. We based our setting on typical experiments run by brick-and-mortar

firms with relatively small sample sizes.6

Consider a firm with 1,000 business units. The firm can choose a number n ≤ 1000 of identical

business units to include in an experiment to test an innovation with unknown quality ∆.

We define quality as the percent gain in revenue due to the innovation. The firm has a prior

that quality follows a normal distribution with mean M = −5 and standard deviation s = 5.7

The experiment is noisy due to variance in revenue from each business unit. We assume that

the experimental error is normal as in Section 2, and we set the parameter σ to 30.

We consider several specifications for the marginal cost c of experimentation. We set c so

that the total cost of running an experiment with all 1,000 business units, 1000c, is between

5% of revenue and 0.1% of revenue.8 Thus, we consider a range of costs spanning relatively

6See Pierce et al. (2021) for an example.
7In practice the prior distribution might have been estimated from data on previous experiments. See

Azevedo et al. (2019).
8Consequently, c is between .1/1000 and 5/1000.
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high-cost experimentation and relatively low-cost experimentation. The production function

for this example is illustrated in Figure 1.

Table 1 displays the optimal experimentation and implementation strategies under these

different costs. In the highest-cost scenario, it is never optimal to implement the idea. When

the cost of experimenting on all 1,000 business units is 1% of revenue, the optimal sample

size is about 100 business units. As costs decrease, the optimal sample size increases; in

the lowest-cost scenario, the optimal sample size is about 430 business units. The optimal

implementation strategy is to accept the innovation if the experiment’s t-statistic exceeds a

small, positive threshold. Profits, when positive, range from 0.16% of revenue to 0.33% of

revenue, when the size of the experiment is chosen optimally. This is a significant number. A

firm that runs ten experiments in a year would then have an expected revenue gain between

1.6% and 3.3% of revenue.

We compare our optimal implementation and experimentation strategy with the standard

rule-of-thumb. The standard rule-of-thumb implementation strategy is to implement an idea

if and only if it is statistically significant at the 5% level in a one-sided t-test. This means

that an idea is implemented if the experiment’s t-statistic is larger than t0.95 = 1.645, which

is considerably more strict than our threshold t∗n. Table 1 reports that the t∗n in our numerical

example is small and positive, ranging from 0.57 to 0.29. Compared to our implementation

strategy, the rule-of-thumb will reject a profitable innovation more frequently.

The standard rule-of-thumb experimentation strategy is to select sample size based on a power

calculation. In a power calculation, the experimenter starts from a “minimum significant

effect size”. The experiment size is then chosen to guarantee some minimum power if the

effect is greater than the minimum significant effect size, in a one-sided 5% t-test. We

calculated the power calculation sample size with a required power of 80% and minimum

significant effect size of a 2.5% gain in revenue. This yielded a sample of about 890.

Table 1 compares profits under the optimal strategy with profits under the standard rules

of thumb. When the experimental cost is large, the power calculation performs poorly, and
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Table 1: Numerical comparison of Bayesian optimal strategy, standard power calculation rule
of thumb, and minimax regret strategy.

Cost of an experiment of size 1,000 5 1 0.5 0.1

n̂: lower-bound of n∗ (Proposition 2) 18 18 18 18

t∗n: optimal implementation strategy - 0.572 0.458 0.289

n∗: optimal experimentation strategy 0 110 172 430

profits under t∗ & n∗ 0% 0.16% 0.23% 0.33%

t1−α: rule of thumb threshold t-statistic 1.645 1.645 1.645 1.645

n∗pc : rule of thumb sample size 890 890 890 890

profits under t1−α & n∗pc -4.097% -0.535% -0.09% 0.266%

profits under t∗ & n∗pc -4.06% -0.5% -0.05% 0.3%

tMMR: minimax regret threshold t-statistic 0 0 0 0

n∗MMR: minimax regret sample size 64 187 296 866

profits under tMMR & n∗MMR -0.22% 0.11% 0.2% 0.3%

Notes: The numerical example compares the Bayesian optimal strategy, the minimax regret strategy,

and the power calculation for selecting sample size. Profits are measured in terms of fraction of

gains in revenue. The parameters are prior mean M = −5, prior standard deviation s = 5,

experimental noise σ = 30, and statistical significance level α = 5%. The implementation strategy

is S = 1{t̂ > T}, where t̂ is the experiment’s t-statistic and T is either the optimal threshold

t∗n (Proposition 1) or the p-value threshold t1−α (the (1 − α)th percentile of a standard normal

distribution). Denote by n the sample size of the experiment. Profits are E[S ·∆]− cn.
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profits under a power calculation are negative. The reason is that, in this case, the optimal

sample size is relatively small, whereas the power calculation suggests running a large and

costly experiment. On the other hand, under the smallest experimental cost of 0.1%, the

power calculation performs well. When costs are low, it is optimal to experiment on many

business units, and this is what the power calculation suggests. In this case, profits under a

power calculation and the optimal implementation strategy are only 10% less than optimal.

Finally, the table describes the performance of a minimax regret strategy. We find that, for

our illustrative example, the minimax regret strategy performs considerably better than the

power calculation rule-of-thumb, and profits are relatively close to optimal. This suggests

that, as argued by Manski and Tetenov (2016, 2019), the minimax regret strategy can be a

good candidate for practical applications.

There are two caveats to the illustrative example. First, the fact that a power calculation

suggests a sample size that is too large is an artifact of the example parameters. In general,

the power calculation could give a sample size either above or below the optimal experiment

size. The reason is that the power calculation depends only on how noisy the experiment is

(σ) and on the arbitrarily chosen minimum significant effect and power level. In contrast, the

optimum depends the level of noise σ, as well as the cost and the prior. Second, throughout

this paper we have maintained the assumption that the only cost of experimentation is the

cost of acquiring more data. In practice, there can be other costs, such as the opportunity

cost of resources that could be used to test other ideas (Azevedo et al., 2020). Numerically,

these examples can look quite different. However, it is still true that the power calculations

do not depend on the same variables as the optimal experimentation strategy. Therefore, the

power calculation may or may not have good performance, much like in the simple case we

consider.
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5 Conclusion

We study the A/B testing problem in the case where the prior distribution of idea quality

is Gaussian. There is a closed-form solution to the value of information obtained from an

experiment (Proposition 2) that can be used in extensions to our setting, the model prescribes

optimal implementation and experimentation strategies that are simple to use in practice

(Propositions 1 and 3), and qualitative principles from comparative statics (Proposition 4).

We also solve for the sample size that minimizes the firm’s maximum regret and present the

problem’s least favorable prior over idea quality (Proposition 5).

We compare the Bayesian optimal strategy, the minimax regret strategy and the standard

power calculation for selecting sample size. In an illustrative example, we demonstrate that

these optimal strategies can considerably outperform the standard rule-of-thumb. The results

suggest that when our assumptions are well-approximated, the Bayesian optimal strategy and

the minimax regret strategy can be useful to improve A/B testing.
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A Proofs

A.1 Proof of Proposition 1

Proof. The firm implements the idea if and only if the posterior mean quality is positive:

P (δ̂, n) = θnδ̂ + (1− θn)M > 0 ⇐⇒ δ̂ > −M · σ
2/n

s2
= t∗n · σ/

√
n

A.2 Proof of Proposition 2

Proof. Denote δ∗n := t∗n · σ/
√
n, the unique threshold signal such that the posterior mean is

zero, given n. Then, the production function equals the expected value of the innovation

times the probability it is implemented; moreover, the innovation is implemented if and only

if the signal exceeds δ∗n (Azevedo et al. (2020)). Therefore,

f(n) =

∫
δ · Φ

(
δ − δ∗n
σ/
√
n

)
· g(δ)dδ −M+

=

∫
(δ −M) · Φ

(
δ − δ∗n
σ/
√
n

)
· g(δ)dδ +M

∫
Φ

(
δ − δ∗n
σ/
√
n

)
· g(δ)dδ −M+

The first term can be simplified to s
√
θn · φ

(M/s√
θn

)
using integration by parts and setting:

dv = (δ −M) · g(δ)dδ

u = Φ

(
δ − δ∗n
σ/
√
n

)
.

The second term can be simplified to M ·Φ
(M/s√

θn

)
using the following identity for the Gaussian
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distribution:

∫
Φ (a+ bx)φ(x)dx = Φ

(
a√

1 + b2

)
.

Then, combining gives Equation 2.

The production function is strictly increasing because differentiating Equation 2 shows that:

f ′(n) =
1

2n2
·
√
θn
s
· φ
(

m√
θn

)
· σ2 · θn, (5)

a function that is positive for all n.

The production function is bounded because the production function is strictly increasing,

and as n→∞, θn → 1 and f(n)→ s
(
φ(m)− |m| · Φ(−|m|)

)
, a finite value.

From an analysis of the second derivative, the production function is convex, then concave.

Differentiating Equation 2 twice shows that:

f ′′(n) = f ′(n) ·
(−4s6n2 + (M2 − s2)σ2s2n+M2σ4

s2θn

)
.

The sign of f ′′(n) depends on −4s6n2 + (M2 − s2)σ2s2n + M2σ4, a second order poly-

nomial over n with a negative principal coefficient. Using the quadratic formula, the

smaller root
σ2
(
(M2−s2)−

√
M4+14M2s2+s4

)
8s4

is negative, since M2 − s2 =
√
M4 − 2M2s2 + s4 <

√
M4 + 14M2s2 + s4. The larger of the two roots is positive and the inflection point:

n̂ :=
σ2
(

(M2 − s2) +
√
M4 + 14M2s2 + s4

)
8s4

.

The production function is convex over [0, n̂), and concave over (n̂,∞)

Finally, by plugging in 0 into Equation 5, we find that f ′(0) = 0 when M 6= 0. And by taking

the limit of Equation 5 as n→∞, we find that limn→∞ f
′(n) = 0.
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A.3 Proof of Proposition 3

Proof. The optimal experimentation strategy n∗ maximizes f(n) − cn for n ≥ 0. The first

order condition is f ′(n) = c.

There must be at least one critical point that satisfies the first order condition, since (1)

f(0) − c · 0 = 0, since f(0) = 0 from Proposition 2; (2) f(n) − c · n > 0 for some n > 0

by assumption; and (3) f(n) − c · n < 0 for large n, since f(n) is bounded, as shown in

Proposition 2, and c ·n is not. Further, from (1) and (2), the solution cannot be a boundary

solution and must be a critical point that satisfies the first order condition.

From Proposition 2, we know that when M 6= 0, f ′(0) = 0 and limn→∞ f
′(n) = 0, and

that f ′(n) is increasing over (0, n̂) and decreasing over (n̂,∞). From above, we know the

maximum exists and must satisfy the first order condition.

If there is only one solution to the first order condition, then this must be the optimal

experimentation strategy. Otherwise, there are two solutions to f ′(n) = c, one smaller than

n̂ and one larger. In this case, the sign analysis of f ′′(n) from Proposition 2 shows that the

smaller critical point is a local minimum and the larger critical point is a local maximum,

and so the larger critical point must be the optimal experimentation strategy.

When M = 0, limn→0 f
′(n) = ∞ and limn→∞ f

′(n) = 0 by taking the limit of Equation 5.

f ′(n) is strictly decreasing, since n̂ = 0 when M = 0. Therefore, f ′(n) crosses c once and this

critical point is a local maximum, and must be the optimal experimentation strategy.

A.4 Proof of Proposition 4

The comparative statics results with respect to the production function f(n) hold under a

general prior, and we prove these results under a general prior. We prove the comparative

statics results with respect to the optimal sample size n∗ under a Gaussian prior.

Proof. 1.
∂f

∂M
> 0 iff M < 0
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By Lemma A.2 in Azevedo et al. (2020), the production function is

f(n,M, s, σ) = max
δ

∫ +∞

−∞
δ · Φ

( δ − δ
σ/
√
n

)
· 1

s
· h
(δ −M

s

)
dδ −M+.

By the envelope theorem, we have

fM(n,M, s, σ) =

∫
δ · Φ

(δ − δ∗n
σ/
√
n

)
· 1

s
· h′
(δ −M

s

)
· (−1)

s
dδ − 1{M > 0}.

Then, we set u = δ · Φ
(
δ−δ∗n
σ/
√
n

)
· 1
s

and v = h
(
δ−M
s

)
, and integrate by parts.

fM(n,M, s, σ) = −
∫
udv − 1{M > 0}

=

∫
vdu− (uv)

∣∣∣+∞
−∞
− 1{M > 0}

=

∫
h
(δ −M

s

)
·
{1

s
Φ
(δ − δ∗n
σ/
√
n

)
+
δ

s
· φ
(δ − δ∗n
σ/
√
n

)
· 1

σ/
√
n

}
dδ − 1{M > 0}

=

∫
h
(δ −M

s

)1

s
Φ
(δ − δ∗n
σ/
√
n

)
dδ − 1{M > 0},

where the last equality holds because
∫
δ ·φ

(
δ−δ∗n
σ/
√
n

)
·h
(
δ−M
s

)
dδ = 0 by definition of δ∗n.

If M < 0, then fM(n,M, s, σ) > 0 because each term inside of the integrand is

positive. If M > 0, then since Φ(·) ∈ [0, 1] and h(·)/s is a p.d.f., the integral∫
h
(
δ−M
s

)
1
s
Φ
(
δ−δ∗n
σ/
√
n

)
dδ is smaller than 1, and so fM(n,M, s, σ) < 0.

2.
∂f

∂s
> 0

First, we prove that, under a general prior distribution, the production function is

homogeneous of degree one over the prior mean, prior standard deviation, and experi-

mental noise:

f(n,M, s, σ) = s · f(n,M/s, 1, σ/s). (6)
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Again, by Lemma A.2 from Azevedo et al. (2020), the production function is

f(n,M, s, σ) =

∫
δ · Φ

(
δ − δ∗n
σ/
√
n

)
· 1

s
· h
(
δ −M
s

)
dδ −M+

= s

(∫
(δ/s) · Φ

(
(δ/s)− (δ∗n/s)

(σ/s)/
√
n

)
· h
(

(δ/s)− (M/s)
)
d(δ/s)− (M/s)+

)

= s · f(n,M/s, 1, σ/s).

We have essentially re-scaled the production function, setting the prior standard devi-

ation to 1. Then, the scaled prior mean is M/s and the scaled experimental noise is

σ/s.

Next, we show that the production function is decreasing over the experimental noise:

f(n,M, s, σ) > f(n,M, s, σ′).

The formula for the production function shows that σ and n each appear only once,

and it must be that

f(n,M, s, σ) = f(λ2 · n,M, s, λ · σ).

Then, take any σ′ > σ and denote λ := σ′/σ > 1. It follows that f(n,M, s, σ) =

f(λ2 · n,M, s, σ′) > f(n,M, s, σ′), where the inequality is true because the production

function is increasing over n (by Proposition 2).

Finally, we prove the comparative statics result. By equation (6) and the chain rule,

fs(n,M, s, σ) is equal to

f(n,M/s, 1, σ/s) + fM(n,M/s, 1, σ/s) ·
(
−M
s2

)
+ fσ(n,M/s, 1, σ/s) ·

(
−σ
s2

)
.

The first term is positive since by Proposition 2, the production function is always

positive. The second term is positive since M and fM have opposite signs (as proven
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above in the first comparative statics). Finally, the third term is positive because the

production function is decreasing over the experimental noise.

3.
∂n∗

∂M
> 0 iff M < 0

Proposition 3 shows that the optimal experimental scale n∗ is the largest solution to

the first order condition, f ′(n) = c. By the implicit function theorem, we have

∂n∗

∂M
= −fnM(n∗)

fnn(n∗)
.

Since n∗ is greater than the inflection point defined in Proposition 2, fnn(n∗) < 0. and

the comparative statics for M is described by the sign of fnM(n∗).

In the proof of Proposition 2, we derived the marginal product,

f ′(n) =
1

2n2
·
√
θn
s
· φ
(
M/s√
θn

)
· σ2 · θn.

Taking the derivative with respect to M , we obtain

fnM(n) = f ′(n) · −M
s2θn

.

Since f ′(n) is always positive, we conclude that for any n, fnM(n) > 0 if and only if

M < 0.

4.
∂n∗

∂s
> 0 if |M | > s

> 0 if |M | < s and f ′(ñ) > c

< 0 if |M | < s and f ′(ñ) < c,

where

ñ =
σ2
(
3m2 + 2 +

√
m4 + 20m2 + 4

)
2s2 (1−m2)

.

Proposition 3 shows that the optimal experimental scale n∗ is the largest solution to
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the first order condition, f ′(n) = c. By the implicit function theorem, we have

∂n∗

∂s
= − fns(n

∗)

fnn(n∗)
.

Since n∗ is greater than the inflection point defined in Proposition 2, fnn(n∗) < 0 and

the comparative statics of s is described by the sign of fns(n
∗).

In the proof of Proposition 2, we derived the marginal product,

f ′(n) =
1

2n2
·
√
θn
s
· φ
(
M/s√
θn

)
· σ2 · θn,

Taking the derivative with respect to s, we obtain

fns(n) = f ′(n) · M
2(2− θn) + s2θn(2− 3θn)

s3θn
.

The sign of fns(n) is the same as the sign of the following quadratic polynomial over

θn:

Q(θn) ≡ −3s2θ2n + (2s2 −M2)θn + 2M2,

which has two roots θ̃1 < θ̃2,

θ̃1 =
2s2 −M2 −

√
M4 + 20M2s2 + 4s4

6s2
and θ̃2 =

2s2 −M2 +
√
M4 + 20M2s2 + 4s4

6s2
,

It must be that θ̃1 < 0, since 2s2−M2 =
√
M4 − 4M2s2 + 4s4 <

√
M4 + 20M2s2 + 4s4,

and since Q(θ) is a quadratic polynomial with a negative principle coefficient, Q(θ) > 0

if and only if θ ∈ (θ̃1, θ̃2).

Recall that θn = s2/(s2 + σ2/n) for n > 0 and θ0 = 0, so θn ∈ [0, 1). Therefore, the

sign of Q(θn) will depend on whether θn is greater than or less than θ̃2.

If M2 > s2, then θ̃2 > 1. In this case, Q(θn) > 0 for all n since θn ∈ [0, 1) ⊆ (θ̃1, θ̃2).

This implies that fns(n) > 0 if M2 > s2, which proves the first part of this comparative

26



statics result, since dn∗/ds and fns(n) > 0 share the same sign.

If M2 < s2, then θ̃2 < 1. This implies that for any θ ∈ [0, θ̃2), we have Q(θ) > 0,

and for any θ ∈ (θ̃2, 1), we have Q(θ) < 0. Since θn = s2/(s2 + σ2/n) is an increasing

function over n that takes n ∈ [0,∞) into θn ∈ [0, 1), there exists a ñ such that θñ = θ̃2.

Solving for ñ shows that

ñ =
σ2
(
3m2 + 2 +

√
m4 + 20m2 + 4

)
2s2 (1−m2)

, where m =
M

s
.

Finally, note that n∗ solves the first order condition f ′(n) = c, and is in the decreasing

region of f ′(n) by Proposition 2. Therefore, when f ′(ñ) > c, n∗ < ñ, which implies

that θn∗ < θñ = θ̃2 and Q(θn∗) > 0. And conversely, when f ′(ñ) < c, n∗ > ñ, which

implies that θn∗ > θñ = θ̃2 and Q(θn∗) < 0. This shows the remaining parts of this

comparative statics result, since dn∗/ds and Q(θn∗) share the same sign when |M | < s.

A.5 Proof of Proposition 5

Proof. Let us recall the definition of regret (3):

R(n, S, δ) = δ+ − (δ · E[S]− c · n) .

The minimax regret strategy (n∗MMR, S
∗
MMR) is the solution to

inf
n≥0,S

sup
δ
R(n, S, δ).

This problem can be solved using a game theoretic approach (See Stoye (2009) and the

references therein). We can imagine a simultaneous zero-sum game between the firm and

an adversarial nature. The firm chooses an implementation and experimentation strategy,
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(n, S) to minimize regretR(n, S, δ). Nature chooses a prior distribution for δ, G, to maximize

regret R(n, S, δ).

This approach allows us to solve the minimax regret problem defined above using guess

and verify. We will show that the following strategy profile is a Nash Equilibrium, where

k ≈ −0.752 is the unique negative solution to Φ(k) + kφ(k) = 0:

1. The firm chooses

n∗MMR =

[
1

2
k2 · φ(k) · σ

c

]2/3
and S∗MMR = 1{δ̂ > 0},

2. Nature chooses the prior distribution G∗MMR with probability mass function

g∗MMR(δ) =



1
2

if δ = −k · σ√
n∗
MMR

1
2

if δ = k · σ√
n∗
MMR

0 otherwise.

We will verify that each player’s strategy satisfies their best response condition:

(n∗MMR, S
∗
MMR) ∈ arg inf

n≥0,S

∫
R(n, S, δ)dG∗MMR

⇐⇒ (n∗MMR, S
∗
MMR) ∈ arg sup

n≥0,S

∫
u(n, S; δ)dG∗MMR,

and

δ∗ ∈ arg sup
δ
R(n∗MMR, S

∗
MMR, δ) for all δ∗ in the support of G∗MMR.

Part 1: The Firm’s Best Response. The firm implements the idea if and only if the

posterior mean quality is positive. When the prior is G∗MMR, using equation (A.2) in Azevedo
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et al. (2020), the firm implements the idea if and only if

∫ ∞
−∞

δ · φ(δ̂ | δ, σ2/n) · g∗MMR(δ)dδ ≥ 0

⇐⇒ 1

2
k

σ√
n∗MMR

{
φ

(
δ̂

∣∣∣∣∣ k σ√
n∗MMR

,
σ2

n

)
− φ

(
δ̂

∣∣∣∣∣ − k σ√
n∗MMR

,
σ2

n

)}
≥ 0.

Since k < 0, the inequality above is equivalent to

φ

(
δ̂
∣∣∣ − k σ√

n∗MMR

,
σ2

n

)
≥ φ

(
δ̂
∣∣∣ k σ√

n∗MMR

,
σ2

n

)

⇐⇒ −

(
δ̂ + kσ/

√
n∗MMR

)2
2σ2/n

≥ −

(
δ̂ − kσ/

√
n∗MMR

)2
2σ2/n

⇐⇒ − kδ̂ ≥ kδ̂.

Since k < 0, the posterior mean quality is positive if and only if δ̂ is positive. Therefore,

S∗MMR = 1{δ̂ > 0}

satisfies the firm’s best response condition.

Next, the optimal experimentation strategy in the A/B testing problem equates the marginal

product and the marginal cost (see Proposition 3). This result holds under a general prior.

Lemma A.2 from Azevedo et al. (2020) gives the formula for the marginal product for any

prior distribution. For the least favorable prior G∗MMR, the marginal product is

1

2n

∫
δ2 · φ(δ∗ | δ, σ2/n) · g∗MMR(δ)dδ

where δ∗ is the δ̂ that sets the posterior mean equal to 0. From above, δ∗ = 0 under G∗MMR.
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Therefore, the marginal product is equal to

1

2n
k2 · σ2

n∗MMR

· φ

(
0
∣∣∣ − k σ√

n∗MMR

, σ2/n

)

=
1

2
√
n
· k2 · σ

n∗MMR

· φ

(
k ·
(

n

n∗MMR

)1/2
)
.

The marginal product above is decreasing over n (recall that k < 0). This implies that there

is a unique value for n such that marginal product equals the constant marginal cost c. We

can verify that n = n∗MMR is the solution. Substituting n = n∗MMR into the formula above,

we have

(n∗MMR)−3/2 · 1

2
· k2 · σ · φ(k).

This is equal to c since

n∗MMR =
[

0.5k2 φ(k)
σ

c

]2/3
.

Therefore, n∗MMR satisfies the firm’s best response condition. This concludes the first part of

the proof.

Part 2: Nature’s Best Response. When the firm plays (n∗MMR, S
∗
MMR), the expected

payoff for the firm is

u(n∗MMR, S
∗
MMR; δ) = δ · E[S∗MMR]− c · n∗MMR

= δ · E[1{δ̂ > 0}]− c · n∗MMR

= δ Φ

(
δ ·
√
n∗MMR

σ

)
− c · n∗MMR,

since δ̂ ∼ N (δ, σ2/n∗MMR). Then, regret —nature’s payoff— is

R(n∗MMR, S
∗
MMR, δ) = δ+ −

(
δ Φ

(
δ ·
√
n∗MMR

σ

)
− c · n∗MMR

)
.
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Denoting x := δ ·
√
n∗MMR/σ, this is equal to

σ√
n∗MMR

(
x+ − xΦ(x) + c · (n∗MMR)3/2

σ

)
.

The expression above is symmetric over x, since for any x > 0, x+ − xΦ(x) = x(1−Φ(x)) =

(−x)+ − (−x)Φ(−x). For x < 0, regret is equal to

σ√
n∗MMR

(
−x · Φ(x) + c · (n∗MMR)3/2

σ

)
.

Nature chooses x < 0 to maximize this expression. The second derivative is φ(x)(x2 − 2),

and so the expression is strictly convex over (−∞,−
√

2), and strictly concave over (−
√

2, 0).

Since limx→−∞−x · Φ(x) = 0 < −k · Φ(k) ≈ 0.169, there is a unique maximum that is an

interior solution. Therefore, x = k ≈ −0.752 is the unique solution, where we had defined k

to solve the first order condition of this expression.

By symmetry, for x > 0, regret is maximized at x = −k, and the maximal values at the two

solutions are equal.

Since x := δ ·
√
n∗MMR/σ, the values kσ/

√
n∗MMR and −kσ/

√
n∗MMR both satisfy nature’s

best response condition. These are the two points in the support of nature’s prior distribution

G∗MMR, which concludes the second part of the proof.
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