Appendix: Functional Form Derivations

1 Distributions

1.1 Normal

The PDF is

F(yla,o*) = ——— exp (—M> |

The derivative with respect to a is

falyla, o) = f(yla, o) =2

The score is .
Flyla.o®)  y—a
f(yla,o?) o?

S(yla) =

1.2 Log Normal

The PDF is

2y _ 1 ox _(log(y)—a)2
Flolo. ) = e (LED L)

The derivative with respect to a is
log(y) —a
fa<y|a7 02) = f(yIa, UQ)T'

The score is tog(g)—
flyla,o*) = 5= log(y) —a
f(yla,o?) o

S(yla) =

1.3 Poisson

The PMF is

The derivative with respect to a is

ya¥~te™®  ave
Pa(y|a) = ] - ]
y: y:




Simplifying yields

The score is

S(yla) = =
(yla) @) -
1.4 Exponential
The PDF is .
f(yla) = Se
Observe that %le = —a%, and %6_% = a%e_%. Using the product rule,
1y
Falola) = Gt - Lo

Simplifying yields

The score is

1.5 Bernoulli

The PMF is
P(yla) = a¥(1 — a)'™Y, wherey € {0,1}.

The derivative with respect to a is
Py(yla) = ya"~ (1 = a)' " — (1 = y)a’(1 — a)™".

Simplifying yields

P.(yla) = P(yla)<5 -

The score is




1.6 Geometric

The PMF is

Plyla) = (1= )7 (2).

The derivative with respect to a is

a—1,, 5,1 4,1
Pulyla) = (s~ D) — (1= ()
Simplifying yields : ) ) , )
y—1la,a—1,
Palyla) = ~———(=——)" 15 — P(yla)_.
We simplify further
y—1) 1
Pa(y|a) = ( _ 1)@P<y|a) - P(y|a)a
We factor out P(y|a)
(y —a)
Fa(yla) = P(yla) (2 —a)
The score is
P(yla) ((ayz,a)) y—a
S(yla) =

1.7 Binomial

The PMF is
P(yla,n) = (n) a’(1—a)"".
Yy

The derivative with respect to a is

Pu(yla) = y(n> @ '(1—a)"Y = (n—y) (n) a’(1 — a)" ¥ 1,
Y y
Simplifying yields
Pu(yla) = 2 P(yla,n) = = Plyla,n)
a a ? 1 —a 5 .
I factor out P(y|a) and simplify further

Yy — na
Pa<y|a) = P(:g’a?n)a—

_a2'

The score is

P(yla) ((Z:Zg)) _y—na
P(yla) — a—a®

S(yla) =



1.8 Gamma

The PDF is
yn—le—y/a

f(yln,a) = T)ar

The derivative with respect to a is
Yy n
falyln, a) = 5 f(yln, a) = —f(yIn, a).

[ factor out f(y|n,a) and simplify

Yy —na

fa(y|n7 a) - f(y|n7 CL) a2

The score is e
S(yla) = LU O*E _y—na
f(yln,a) a?

1.9 ¢

The PDF is

The derivative with respect to a is

_ L(4) v+l 1(y—a)? 7%32(31—(1)
fa<ylv7a,0)—r(%)ﬁa : (1+——) Y

Simplifying yields

_ v+Dy—a) v+ 1)y —a)
fa(y|V7 a, U) - f(y|y7a70)1/0'2 (1 4 l(y_g)Z) - f(y|7/7 a, U)VO.Q + (y _ a)2'
The score is 10l )(u+1)( )
Sl @) S v+ Dy —a)
)= e v —ap

1.10 Exponential Family

The PDF is
fyla) = h(y) exp (n(a)T'(y) — A(a)),



where h(y) is the base measure, n(a) is the natural parameter, T'(y) is the sufficient statistic,
and A(a) is the log-partition function. The derivative with respect to a is

dn(a) dA(a)}
da da |~

fulyla) = hiy) exp (n(@)T(y) — A(a)) [T<y>

Simplifying yields

fu(yla) = F(yla) [T<y>d”(“> - dA(‘”] |

da da

The score is

1.11 Additive

Let y = a + y, where y is a random variable with PDF ¢(y). The PDF of y is

fyla) = g(y — a).

The derivative with respect to a is

falyla) = —g'(y — a).

The score is

1.12 Multiplicative

Let y = ay where y is a random variable with PDF ¢(y). The PDF of y is

Flola) = (%)

The derivative with respect to a is

The score is




2 Utility Functions

2.1 Log

This section derives results for the utility function
u(z) = log(wy + ).

The derivative of utility with respect to consumption is

1
/ pu—
U([E) Wy + T

The cost of utility is the inverse of the utility function
u = log(wy + x) — exp(u) = x — k(u) = exp(u) — wo.

The marginal cost of utility is

1 1
) R——

cap(u)

The inverse of the marginal cost of utility is
r = exp(u) = kK (z) = log(x).

The link function, g(z), is

g(z) = k! (max (m z)) = log (max(wp, 2)) .

The canonical wage function given z = A + uS(y|ao) is

w(z) = k(g(2))
= exp (log(maz(wo, 2))) — wo

= (z —wo) ™.

2.2 CRRA

This section derives results for the utility function

(wo + x)17

L—7

u(z) =
The derivative of utility with respect to consumption is

u'(z) = (wo + )77,

6



The cost of utility is the inverse of the utility function

(wg + .17)177 1

u=-—"——=k(u)=((1—7)u)™ —w,.

L=~
The marginal cost of utility is

1 1 =
' (k(u)) - (1— ’Y)U)% = (L =y)u)™>.

The inverse of the marginal cost of utility is

2= (L= 7)™ = K@) =

The link function, g(z), is

-1 o) -

The canonical wage function given z = X + uS(y|ag) is

w(z) = k(g(2))
1—

N\ T
= (—V-max(wg,z)u) 7—wo

I—v

1

2.3 CARA

This section derives results for the utility function

—exp(—a(r + wo)).

u(z) =
The derivative of utility with respect to consumption is
u'(x) = exp(—a(x + wp)).
The cost of utility is the inverse of the utility function

Y —exp(—(;(x + wy)) — —au = exp(—a(z +wp)) = k(u) =

The marginal cost of utility is

1 1 . 1
= u) = ——.
u'(k(u)  exp(alogtony au

«

7

_log(—au)



The inverse of the marginal cost of utility is

1 1
r=—— =k (r)= ——.
au oz

The link function, g(z), is

o) =" (mx (G2) ) = ~msotem 3

The canonical wage function given z = A + uS(ylao) is

w(z) = k(g(2))

=k (_amax (eXL(awo), Z))

1
log (—a ' (‘W))

o (log(1) — log (max (exp(awy), 2))) — wg
_ log (max (exp(awy), 2)) — wp

(log® z — aw)

+

«
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